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1 Model and Linearization

1.1 LCP model:

The model follows Engel (2011). Detailed structure of home country is described. Foreign

country has an identical structure. Where appropriate, foreign variables are indicated

with asterisk.

1.1.1 Demand:

The household’s preference is given by:
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The budget constraint:
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The first order conditions for bond holding and labor supply
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where t.; is state-contingent consumption tax on imported goods.
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1.1.2 Supply:

Fach differentiated good firm in the home country has the following production function:
Yo = Zily (1.9)

This yileds marginal cost:
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The optimization problem for each differentiated good film i can be described below,
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where s.; is state-contingent export subsidy. 7 is tax (subsidy) to solve monopolistic

distortion and satisfy 1 + 7 = ﬁ demand of varieties:
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For the convenience of analysis, we define the real price p, = % and the real exchange

Ses P, .
rate e;yj = ﬁ
J

The optimal pricing:
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we detrend the price by average price level:
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Follow Fujiwara and Wang (2016), we specify price dispersion term Ay, and Aj £t 50

as to solve second order approximated loss function.
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Since a fraction x of goods prices remain unchanged from the previous period, the

price index for home goods sold in the home and foreign markets can be written as follows,

respectively,
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Given these prices and consumption tax rates, price index is:
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1.1.3 Equilibrium

In equilibrium, goods market clearing condition implies that
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Equations (1.4)-(1.22), together with the similar equations in foreign economy, mone-
tary policy rules, consumption tax policy and export subsidy policy, and the risk sharing

condition (1.6), define the two country economy.

1.2 First order log-linearization

Monopolistic distortion is corrected by production tax 1 + 7 = ﬁ, so steady state in
our model is efficient. We follow Fujiwara and Wang (2016) to derive our loss function.
Most of equations are same as those in their paper, the appendix is to highlight derivation
when tax and subsidy are introduced. In our notation, X, = log(X;) — log(X) indicates
the log-deviation of a variable (X;) from the respective steady state (X). The first order

log-linearization of equations are present below.

e the deviation from law of one price
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e term of trade

e log-linear form of price index:
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where %\c,t = log(1 +1t.,) and %\:,t =log(1 + t} ) because t, =1,
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YF o= 0+ L (1.42)
e Market clearing condition:
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e marginal cost in term of producer price index:
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Note that from fourth equation to fifth equation, we use log-linear form of price index

(1.27) and (1.28). From fifth equation to sixth equation, we use defnition of g; and d;.

Comparing with equation (6.143) in Fujiwara and Wang (2016), we can find that real

marginal cost (in term of producer price index) are affected by consumption tax. The

intuition is straight forward: Tax will distort the consumption choice and has impact on

wage, and is eventually reflected in marginal cost.
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e risk sharing condition

~ = 1

1.3 Second-order approximations
1.3.1 Price dispersion terms

price dispersion terms are same as Fujiwara and Wang (2016).
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where 6 = w Please refer to Fujiwara and Wang (2016) for the technical
details.

1.3.2 AS equation

A standard method to derive second order approximated AS equation is documented in
Appendix B.4 in Benigno and Woodford (2005, hereafter BW05). Here we highlight the

key deviation when subsidies are introduced. Second order approximation of (1.11) and



(1.12):
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?{I\thT,Ehh’T, fhht,T, fhhj are introduced to keep our notation consistent with BWO05.

The optimal pricing rule for home producer at domestic market:
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Following Appendix B.4 and mainly equation (B.44) in BW05, we have AS equation:
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t.i.p is term independent of policy. § = (17'8'67/2(17”) Similarly
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Comparing with (6.96) in Fujiwara and Wang (2016), we find that subsidy enters into
the aggregate supply decision to export. For foreign country, the AS equations to supply

domestic market and export market are
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To further simplify AS equation, we utilize first order conditions, namely equation
(1.35)-(1.48) and replace real marginal cost in the preceding second order approximated AS
equations. For AS equation (1.64), we use mce —pppt = pét — Dhit — 0. The simplification

detail is following:

MmCt — Phht

1, 5 A A
= —5mer = Pun)(Mer + Bang + 2(=pCr + Chr)) = 5o,
1 SO PP A
= 5(1 — p)2C% — §(Ct — Phht — 0:)* — %W%h,t

L 2—v e~ Lo, 1 2i2 A o
= —5((Yt —0¢) + T(phf,t + ¢ — Dppyt + ;Q)) + 5(1 —p)°C; — %Whh,@-w)
Comparing with equation (6.110) in Fujiwara and Wang, we find that tA;"C enter into
the first term. Potential this instrument helps to deal with impact of c?t on marginal cost.
For AS equation (1.74), we use mc; — ﬁft — € — et = p(?;‘ + ﬁﬁ}ﬂ + 1 — Set — Ot

The simplification detail is following:

meg — Dhft = € — Set
1((7 Dh e —Sur— 0, — ) (pCs + Dy + 2(—pCh 4+ CL) + € + Sey — 0y) A 2
= TPl T Phpr T Set — Ut — €)(PCt T Phypy —pPLi hit) T €t T Set — Ut _2757rhf7t
Ao 1

1 —~ 2 ~ v 1 2
“la-pcr+s —?‘] L2 (Y= 0) + (B —Phpy — Ty — ) (LTS
5 (1= p)CF +5er —tey o5 Thit T (Yy —0:) + B (Phit = Phye — te pet) )
Comparing with equation (6.111) in Fujiwara and Wang, we find that 5. ; — tAzt enter

into the first term, and ?z,t enter into third term. Similarly, we have

me; = Prye = PO = Pyy — 07
1 2 1

_ O * — U n ~ ~w2 L 27%2 A s
= —5((Yt _gt)+T(pfft+tc,t_pff,t_;et)) +§(1—P) Gy _%Wfiljg)

10



And
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1.3.3 Resource constraint

Market clearing condition:
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Note that we drop 6; because it’s out of policy control.
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1.4 Loss function:
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The key to solve loss function is to get CAZ't — Et and the method exactly follow Fujiwara
ang Wang (2016). Our key equations are (1.77),(1.78),(1.79),(1.80),(1.82),(1.83). We
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Using (1.78) and (1.80), we have
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where a =1+ (1 — p)(1 —v)

And corresponding loss function is
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foreign loss function is:
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Plugging the expression of marginal cost (1.46)-(1.49), we have
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pYi— 0y — B(dy +T3,) + 552 (1 — p) (@ + &)
2— n I n ~
4 21;) (p— 1)(tc,t - tc,t) +ilo — Set

pYy = 0 + 252(df +t.,) + 2 (1 — p) (@ — @)

2—v)(1—p) (P ¢
G
U * * T n 2—
pYi — 0 — B(dy + 1) + 5201 )@ -
+2%U(P - 1)(tc,t - ti,t) +itop — gek,t

2)

+ BEimhni+1 (1.92)

+BEm e (1.93)

+ BEm 4 (1.94)

+ ,BEtﬂ'fh’t+1 (195)

When p = 1, Phillips curve collapse into the corresponding NKPC curves in the paper.
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2 Cooperation game p =1

We consider the special case where p = 1. Home Loss function is, under noncoorperation

assumption:
Lho = —Who—EtZ { Lt)—l—cw Lt}
( 2(2 - et)Z
+2C) (4, + )
- +% [%ﬂ%ht + (2;))77?% t]
S ) (Fer—520) + () (B —50)” (2.96)
=0 +(2;v) ((tAct se,t) (A:t - ge,t)) — 0,
1230 (0 = 09) = 3(d5 +1.0))
2

Similarly, foreign loss function is

* * - Ak Tk 1 —p~. 1~
Lyoy = —Wyo=Ei Z(ﬁ)t {—(Ct — L) — 7(3}2 + 2Lt2}
t=0
U * * )
3V —07)?
+ U (G 4 7,02
v, 2—v) _x
o +27/\5 §7rf3‘,t+( 2 )Trh%‘,t}
—v\ (7 2 AN -~ 2
E Y ()4 ) (e —520)" = (7% (Bor = 5e) (2.97)
=0 5 (e = 520) = (2 =) ~ 07
~20 (97 = 07) = 305 +1.0))
| (-0 - 3@+ Ey)

The global loss function
(P1) : LY =Lpo+ Ly

Y =02+ 3V, —0,)2 -0, 0;
B> ) _— U)(f} ftAié) +<Z(2v>mf e (2.98)
t=0 35 (2T fre T 3 Thte
+% %”%h,t+(2gv)7r?‘h,t



Note that (tAct — §j7t)2 ,(tAZt — §e7t)2 and (tAct -5, - (?th — Se,t) don’t appear in loss

e,t

function. The intuition is simple: under international coordination game, there are not

costs of non-coordination. ¢ is term of trade effect. As in Clarida, Gali and Gertler

(2002), term of trade effect does not appear in loss function in this special case (p = 1).

The central planner minimizes global loss function subject to (2.99)-(2.102) and (2.103).

2y~ 2-
v 'U?

Thht = O ?t — 0+ 5 dy + 5 c,t] + BEiThn 41
gy = O 90, — gc@ + 2%}?‘” - ’5\64 + BB o
i = 0 }A/t* —0i + 2%@ + Q;UtAct} + BET 441
Tiht = O f/t* —0; — ggf + 2%%\” - é“gt] + BEYT 141

TV -

’l]/\ U/\
—dy — =d; + q
o0t 2t+€lt+

2—v ~ “~
9 (tC7t - tc,t)

(2.99)
(2.100)
(2.101)
(2.102)

(2.103)

Let @14, Po4s P34y Pty @54+ be lagrangian multipliers on equations (2.99)-(2.103) respec-
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tively. First order conditions are:

Vi~ 0, © Y, — 0+ 6(d1p + boy) — 50 =0 (2.104)
Y, =07 ¢ Y7 0] +0(dsy + bay) + 05, =0 (2.105)
VA
Thit 1 o5 Thht ~ G141+ P14-1=0 (2.106)
N 2—-v)A ,
Thit - e 25 ) The ~ P24 T P21 =0 (2.107)
* vA *
L Y K ¢34+ P31 =0 (2.108)
2—v)A
Tfht - ( o5 ) Tiht — Pap+ Pay 1 =0 (2.109)
~ v(2—v) ~ ~ 2—w v v
di 1 (di + tc,t) + 5(?¢3,t - §¢4,t - §¢5,t) =0 (2.110)
~ v(2—-v), ~ 2—-v v v
dy (4>(dt ‘1’?;15) + 5(T¢1,t - §¢2,t + §¢5,t) =0 (2.111)
~ v(2—v), 5  ~ 2—v
lep 1 (di +tcq) + 5T(¢3,t + @y + P54) =0 (2.112)
v(2—-v), ~ 2—v
ty (4)<dt +04) + 05— (f1+ G20 — 05,) =0 (2.113)
Seq ¢ P2 =0 (2.114)
Sep ¢ G4 =0 (2.115)
G $5,=0 (2.116)

2.1 Proof of proposition 1

Highlight: Proposition 3 says that tax and subsidy instruments could correct deviation
from LOOP and social planner could focus on producer price inflation. global welfare
is the efficient one. First step to prove this proposition is show that optimal inflation is
zero. With corresponding shadow price ¢, ; = 0 and directly we get zero output gap and
optimal tax and subsidy rate.

Put (2.114)-(2.115) into (2.107)-(2.109):

Tt = 0

th,t =0

20



From (2.116), we know ¢5; = 0. (2.110)-(2.111) could be simplified as:

g(cf}* +t.)+0¢3, = O (2.117)
S+ 1) +06,, = 0 (2.118)

Together with (2.104) and (2.105): we have

A~ ’U ~

Y — 0, — 5(dtJHP;t) =0 (2.119)
~ Voo~ —~
Yy =0y -5l +ty) = 0 (2.120)

Put these two equations into Phillips curves:

That = O [C/i\t +i§,t:| + BEThh 141 (2.121)
Tipe = 0 [di‘ +%\c,t} + BEm 411 (2.122)
Gy = Bt (2.123)
ty = 5ty (2.124)
Let’s focus on 7y, ¢. Equation (2.117) helps to simplify inflation dynamics as:
2
Thht = —;5 $14 + BEThi 41 (2.125)
Equation (2.106) is rearranged as:
VA
og "hhit = 01— 00141 (2.126)

The above two equations together solve ¢ ;:

VA
%Whh,t = 5¢1,t - 5¢1,t—1
20 20 2 20 20
a%,t - a¢1,t—1 = —;5%1,7& + 5Eta¢1,t+1 - ﬂafﬁu
Pri— P11 = —AP1+ BEPy 111 — By

Define lag operator, ¢, 1 = ¢; L, we have:
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¢1,tL_1 (1 + X0+ B)L — L? —B]=0

Solution of L2 — (1+ A6 + B)L + B is A = UFAAEVITAEH 45

¢, LN (L= A1) (L —Ag) =0

For these relations to hold at any ¢, we have ¢; , = 0. Similarly, we have ¢3;, = 0.

In sum, the optimal solution is:

Yi—60,=0, Y —6=0

T oD
dt +tC,t == 0, dt +tC,t == 0

X o o

7JLc,t = Seyty tc,t = Set
*

Whh,t = 0, Trff,t = 0

ﬂ-Zf,t =0, Tfht = 0

Optimal solution indicates that central planners should focus on PPI inflation. and

use tax policy instruments ¢, t¢

the externality of tax. QED.

to deal with (Zt and LZT . Export subsidy is used to correct
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3 non-cooperation game p =

1

In non-cooperation game, Home loss function:

(P2): Ly = Etz

t=0

4
Minimize loss function by choosing {)A/

(3.127)

PR

O, T, T g i, ct78et,(h} given {Y}* — 0 T T B, di 3
subject to
~ 2—v~ 2—vw
Thht = O [Yt — 0 + 5 di + 5 %\*ct:| + BE{Thh,t41 (3.128)
U * U 2—v~ ~k
th,t = (S }/t — Ht — 7dt + 72 tqt — Sei + ﬁEtTrfh,t-i-l (3129)
~ ~ U~ 2—v
L dt @+ (e — thy) (3.130)

gt is term of trade and do not appear in the loss function because p = 1. 1 4, 0oy, P34

are shadow price for constraints (3.128)-(3.130) respectively. First order conditions are:

0 Fi-0) - B (B 0) - D4 820) + s s =0 (3131)
Thh,t %Whh,t + 11— 14 =0 (3.132)
Tfht Wﬂfh,t +@ap1— 2. =0 (3.133)
d, <24—>@ b+ (@0 - ) + 07 e L =0 (3130
oo PO (o - U@ 1) - B - )+ B s + e
L 2 (oo~ %) + 8 oo (3.136)
G : a0 (3.137)
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Foreign loss function:

o0 b
oy _ N2
(P2): Lig=E Y (B)] +(57%) (ter —520)" = (37%) (B0 — 5e) (3.138)
— 2— = T ~
=0 ! 21}) ((tc,t —554) — (B — Se,t)g
—22 (9 = 07) = 3(dF +1e0)
+252 (V- 0) — 3(di + 7))
subject to
* {7 * * 2—v~ 2—v~ %
Trrt = 0 [Yt -0 + 9 di + 9 tc7t:| +5Et77ff7t+1 (3.139)
" = v~  2—0 . .
th,t =9 |:le‘4 - et - §dt + ??c:t - Se,t:| + BEtth7t+1 (3140)
=~ 5 VUV~ Vo . 2—0 ~
Yi—-YS = §dt - §d: +qt + 5 (tes— %t) (3.141)

©1 4> P34, 93 are shadow price for constraints (3.139)-(3.141) respectively. First order

conditions are:

U * * U * * (2 - U) U * * UV % 7 * *
Y -6 (Y —0;) — ((Y;t —0;) — §(dt + tc,t)) +0p1+ w3, =0 (3.142)
Ly R A Rl W 0 (3.143)
* )‘(2 B ’U) * * *
Thit © o5 Thft T a1 T P2 = 0 (3.144)
Tk U(2_U) Tk n U(2_U) % * Vo n 2—w * Vo
di T(dt + tc,t) + 4 ((Yt —07) — §(dt + tc,t)) + 5TW1¢ - 5903,15 = 0(3.145)
(2—v) . v(2—v) /,5 v~ (2—v) .
?g,t LT 9 (&t - Se,t) T4 <(Y;t —0;) — §(dt + %t)) + 9 (1+ 5902,t - @K;’)l’fﬂ)
2 — —~ 2 —
Set - _(2”) (tey —5es) + ( 5 W) _ 0 (3.147)
G o5y = (3.148)
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3.1 Proof of proposition 2

Highlight: Our first step is to provide the nash equilibrium non-cooperation game. Be-
cause the solution returns nonzero inflation rate, non-cooperation game cannot repli-
cate the flexible price allocation. Second part is to find equilibrium with restriction

e . F ~
tet = Sejtstet = Sey-
e First, we check whether these choices could be equilibrium solution.

From equation (3.137), we have @3, = 0. (3.135) minus (3.147) :

~ V(2 =) [, 5 e U, o~ 2—w
tc,t:_T ((Y;e _et)_i(dt +tc,t)> +0—— 9 902t+ ‘P3t—0 (3.149)

Using the fact that 3, = 0, we simplify Home first order conditions:

B =" (G0 = U 1 10) 407 Ve =0
— 2 (T =) = 5 +2.)) = den, (3.150)
T, 0, (7, 0) — C0 (5, 0) - L+ 1) 0o = 0
:>;<( —9)+<2;v)(d +?‘)>+&pu:0 (3.151)

v(2—v v,
iit - ( 1 ) ((Yt —0;) — 5 (dy + tc,t)) +9 o: =10
TRVEPS v~ .
= 5 < p —0,) — §(dt +zit)) = 03 (3.152)

Y+ t}ﬁ) +0p}, =0 (3.153)



Put these into the NKPCs, we have:

262
Thht = = Pl + BEiThn 41
252
Tfht = Pt g Tt BET fht+1
Thit = —, P2t + B + BE T 441
62
Trre = —*@u + BEm 111

Similar to preious proof, we can have

L1t — @T,t =0
Thhe = Tgpe =70
2 — v ,~ “~
—0; + T(dt + tc,t) =0 (3.154)
~ 2 v) ~ -~
 — 1)+ ¢ . )@+ t) = 0 (3.155)
With equation (3.144): %), , = )\(227%[4,0% — 5 ,_1] we have
26 . . 202 ., 6 26 . .
m[%,t — 341l = o P2t + 5 + BEtm[%,tH — 95 4] (3.156)
Let us assume
‘Pat = A§<P§7t—1 + B3
equation (3.156) could be expressed as
m[(!‘lz — 15,1+ B3] = A2<P2t 1 + Bz t5+ ﬁEtﬁ[(fb — 1)(A3p3 1 + B3| 3-1B3)
2 . . . 5 . 25 1 p v -
m[(f‘lz D51+ B3] = A 2P24-1 T Bz + + Bﬁ[(Af - A2)<P2,t—1 + A5B3]  (3.158)
m[(Az 15,1+ B3] = [5m(f4 - 45) + A 510311 + Bz + + 5 N2 )AQEg’ 159)
A3 is the solution of following equation:
* * A2 =)o * *
B(Ay? — A3) + (7)142 —(45-1) =0
A2 =)o
BA;Q—F[Q—B—HA;JJ = 0
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M@ gy [ g g yg
26

let /T; be the root whose absolute value is smaller than 1. Further, shadow prices

A5 =

are nonnegative, which means A3 should be nonnegative as well. This puts restriction on

parameters. Suppose there is such parameters. The restrictions are

A2 —v)6
[(U”) _B—1]>—48>0 (3.160)
M gy [ g yg
0< % <1 (3.161)
If ’\(ZT_U)(S — B —1> 0, we cannot find any pamarater set such that —@ +/+1+

\/[M — B8 —1]2 — 48 > 0. Therefore, the only possible situation is that —@ +

B+ 1> 0 and restriction (3.160) can be expressed as:
A2 —0)d
(1—+/8)%> (v“) (3.162)

Two potential solutions are

Al gy JPE g gy

51 = 25 (3.163)
—L_)U)d-i-ﬁ-i-l— [M_B_1]2_4B
5y = . \/2ﬂ : (3.164)
We can see that
_M 1 —(1— 2 1
51 > ”25+ﬂ+ > ( \/f)ﬂ+6+ >1
Also, we have
[ﬁ+1—)\(2_v)6]2—4ﬂ
N | T B CA L Y I il
— )0 —v)d
S G



Meanwhiel, we have 1 — 8 > (1 — /B)? > @ for any 8 < 1.

) _/\(2;v)5+5+1_\/[)\(Q;U)5_ﬁ_1]2_4ﬁ
22 — 25
A gy - (1 )
1

v
> =

2

Neither A3, nor A3, satisfy the requirement that A5 < 1. In other word, we cannot find

any nash equilibrium in this game! Next, we consider the case with restriction t.; = s},

X _
and t;, = Set.
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e we impose the contraint that t.; =57, and 7, = 5.

Lio=E > (B) +
t=0

~ 2—v ~
Thht = 0 [Y;f — 0+ T(dt + ?Et)} + BEThh 41

O * Vx| 5
Tfht = 0 { —0; — §(dt + tc,t):| + BETfh 141

~+

% O * 7 e~ 2—v ~
.-V = ¢ — dt+Qt+72 (tc,t_%zt)

(3.165)

(3.166)
(3.167)

(3.168)

¢ is term of trade and do not appear in the loss function because p = 1. First order

condition:
~ ~ (2—v) /= v~
Yi—0, + (Y, —0,)— 9 ((Yt —0,) — §(dt + tc,t)) + 5‘:01,1, — P3¢ = 0
AV
Thht 55 Thhit +o11—p14=0
A2 —v)
Tfht - Tﬂfh,t + o112 =0
~ v(2—v), ~ v(2—wv ~ v, ~ 2—v
g o G g+ P (@0 - ) 407
~ V(2=9) [ 5 e U~ 2—v 2—vw
ley T4 ((Yt —07) — i(dt +tc,t)) +9 9 P9+ 9 3.t — 0
q P3t = 0

Foreign loss function:

Lio=EY (B)
t=0

(3.169)
(3.170)
(3.171)
P14+ gsaéé’ztlﬂ)

(3.173)
(3.174)

(3.175)



subject to

* 7 270 5
Tree = 0 [Kﬁ - gt 9 ( t + ):| + /BEtﬂ'ff t+1 (3176)
W;sz,t = 0 [Y;f 9,5 -3 dt + ct ] + BEtﬂ'th_l (3177)
Y, -V = %J dt +a+ 2 oy — o) (3.178)
First order condition:
U % * U * * (2 — ?}) U * * V% In * *
Yr—o07 o (Y —07) - 5 ((Yt —07) — §(dt + tc,t)) + 091+ 3, =0 (3.179)
* AV * * *
Tife g The T AL T P1p =0 (3.180)
N A2 —w . .
Thit - : 2 )th,t + 21— ¥ =0 (3.181)
T 1}(2—'[}) 7 U(2_U) U * * Uo7 2-v , v
di 0 SR ) + S (T = 0) = S 4T ek — a8
v(2—v =~ v~ 2—v 2—v
ﬁ,t o= ( 1 ) ((Yt —0;) — i(dt +?ﬁc¢)> +0 Por = 5 Par = 0 (3.183)
G i p3,=0 (3.184)
Using the conditions @3, = ¢3, = 0 and FOCs can be simplified as:
v % v, 2-vv
Y, =0, : (Y 9)§+ 5 (dt+ )+ 00, =0 (3.185)
~ S —v
teg v2-v) < —07) — (dt + tc,t)> + 5 9, =0 (3.186)

U * * U * * (2 — U) U * * UV % | 7 *
e N A 5 ((Yt _Qt)_*(dt +tct>> +dp7, =0 (3.187)
v(2—wv ~ v~
B (@ ey - td ) 0 =0 (s
Use (3.186) to substitute (Y, — 6,) — %(CZ: + tAzt) in NKPC 7+

U o
Thht = —55 014+ BEThA 11

We replace 7y, ¢ using its FOC /Q\*Z;}Whh,t‘ﬂm,tq —p1, = 0. The solution of this difference

equation is ¢, = 0. Similarly, we have ¢y, = ¢, =3, =0
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So we have 7y = Trp s = ﬂ}ﬁt = ﬂ*};f’t =0.
Put the zero shadow prices in FOC, we have Y, — 0, = 0,Y — 0 = 0,d} + t; =
0, c?t + ﬁ‘c = 0 in the equilibrium. QED.
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4 Cooperation game p > 1
loss function:

LO Lh,O + Lz,o

% (Ppne— E
_M(CQ

)tht] +

E) (B)
t=0

+35 [2 hht+(

Market clearing conditions imply:

5 UL 2—v, _,
Y+ Pange + —— (Bhpe +tos) +

2 2

2—v —~ v,
— 5 Ppns tter) + —5—(

2—1}A+2—U
g BTy

2—wv

Yy

- tc,t) +

Tx
( c,t

Y, —

N

~

2
2—v ~
2 (tc,t_

L * U
Y+ 9Pt

2—1),\+
9 qt

~

Y+

We put (4.189) and (4.190) into global loss function:

' 3(Y, = 0,)°

—5 (Dpne Ttep) =

Yy —07)°

— Phht + tct)z

6*2)

|:’U *2
25 |2 fft

2—vl__

&
p

Tx

Phft + toy) +
9 _

)

€ — Dyt tc,t)

+ (2211)

Thit )

2—vl

(4.189)




The constraints are

P?t —0; + 25“(6@ +?ck,t) + 2%”(1 —p)(@ +e)

~ ~ + BEHThh t+1 (4191)
2— 1— X ’
+( U)Q( 2) (tc,t - c,t)

Thht = O

o s | Y= 0= 5+ 1) + 250 (- p) (G + @)
hft — 2— ~ > 5 ~
L ~ 2v) (p— 1)(tc,t - tc,t) + ti,t — Sejt

pYy — 07 + 350(d; + 1) + 501 p) (@ — &)
+ O, - 1)

U * Tk n 2— ~

pYr — 0 — Ui +1,,) + 5201 - p)(@ — @)

Tfhe = O PN N
+2%U(P = D(tes—tay) +ter — 304

t]

+ BBy (4.192)

T = 0 + BB 4(4.193)

+ 6Etﬁfh,t+1(4-194)

s S v 2—-w v—1 v 2—-w 2—v ~ ~

Vi—¥" = —obwne = —5 Phpe) + Ta +9Ppet 5 Pt + 5 ey — o)
Vs VU o 2—0 ~ 1 =N
= §dt - §dt +q + T(tc,t - %,t) + (v — 1)(; — )& (4.195)

2—v ~ “~
)

~ V> U ~
€t = §dt - §dt - (1 - U)qt - 9 (tC,t - tc,t (4196)

Let §14,89.45 83,45 €ats €540 §6.+ De lagrangian multipliers on equation (4.191)-(4.196) re-

: : : % U * * * T O T Tx oo o ~ ~
spectively. Optimal choices are {Yt — 04, Y — 07, Thit, Tt Trfe T fhits Ay diy Tty ot Sets Sets > Qs et}
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First order conditions are:

Yi—0i: Y= 00— (1= p)Co+0p(&14+ E2) — &5, =0 (4.197)
VI =07 V7 =07 — (1= p)CF + 0p(€a +€ag) + 65, =0 (4.198)
VA
Thit 55 Thht = §140+&14-1=0 (4.199)
. 2—v)A ,
Thit: (%)th,t — &9+ 82,1 =0 (4.200)
Tift g T T §34t 8341 =0 (4.201)
2—v)A
th,ti( 25) Tent — Sap + €41 =0 (4.202)
~ v(2—-v), ~ 1. 2—v v v )
dy (4 )(dt"i_{i,t""pet_et)"i_é( 5 )fl,t_52§2,t+255715""256,1&:0 (4.203)
~ v(2-— ~ 1. 2—w v v v
di - ( )(dt +itop— —€+ t)+5( )53,t_5*f4,t_*§5,t_*56,1&:0 (4.204)
P 2 2 2 2
~ v(2—-v),~ ~ 1. 2—wv ~ A
s B @ i - Sara) + 20 0@ -G wa0s)
2—v)(1— 2—v 2—v)(1-—
+5()2(p)(51,t +&a4) + 5(2)53,t - 5()2(p)(53,t +&44)
2—w 2—w 2—wv
+6 5 §apt+ 5 55775—?567,5:0
(2 —v), ~ 1. 2—v ~ ~
pe P0G e 200G )
2—v)(1-— 2—v 2—v)(1-—
+5()2(p)(§3,t +&44) + 5(2)§1,t - 5()2(p)(51,t +&24)
2—w 2—wv 2—wv
+0 5 §ot — 5 55,t+T§6,t:0
St 6ay =0 (4.207)
Susi64,=0 (4.208)
. 2—-w ~ A 2—-wv 2—-wv
Ui (1—P)(Ct—Ct)+5T(1—P)(§1,t+§2,t)—5T(1—P)(§3,t+§4,t)+fs,t—(1—U)56,t:0
(4.209)
o ov(2=v),~ A 1. .1 v(2—v) ~  ~ 1. .1
: S - (= —1)— _ = 1) (421
€t 4 (dt+tc,t+pet et)(p ) 4 (dy iy p€t+ t)(p ) ( 0)
~ ~12—v 1
—(1-plc ¢ S|
(1=9) |G- G| =57 -1
— U

2 — 2
F35= (L= (&1 + E20) = 35— (1= p)(Ess + Eu)

o — 1><; s, — e =0



4.1 Game solution with p > 1

Highlight: Method to prove optimal choince under case with p > 1 is similar with
previous case p = 1 except that equations here could be more tedious.

Optimal choices of subsidy rate (4.207) and (4.208) imply 7 ,, = 0 and 7, = 0.
Replacing the terms in (4.210) by using From (4.203)-(4.203) and (4.209), we have:

20 =026 - 16— (- D36 - G - Do (@.21)
#8200 g, - G - Dt - C - Do,
F5 = ) = D =67 (1= ) = Déga + (= D — (1 =) = D
F52 (0 p)(Ens) — (1~ p)(Es)
+Ho =15 = Dése = o0 =0
Further simplify the above equation, we get:
=0 (4.212)
From (4.197) and (4.189), we have
o= 0t (1= )2 [~ T+ 3+ 8] = <; — 12— bpty, + s
We define
M, = -0+ PN )+ 2 @ e+ TG
G bt s+ i+ L) (1213)

SO

Thit = 0 [Mi] + BEThn 41
Equation (4.203) could be rearranged as:

(2—v)
2

2-v) 1. (2—0)
5 (;et—et)—5 ”

(Jt +Zi,t) = - §10— 850 — ot
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Together with equation (4.213), we have

1 2—v . 2 — 1. 2 —
M, = (;—1) Uet—5pf1,t+§5,t—( QU)(pet_€t>_6( Uv)fu—fat
2_
= o+ 220,

Substitute M; in Phillips curve and replace 7, + using equation (4.199) :

20 2—v 20 20
§10— ﬁgl,t—l = -5 {P + ( ” )} §10+ BEtafl,t—&—l - 5551,75

A _
% |:p + (21)U):| 517,5 + 5Et£1,t+1 - Bfl,t

275
VA

fl,t - fl,t—l = =0
Use lag operator, §;,_; = §; L, we have:

&Lt [(1 —I—5%(p+ (2;1})) +5> L-1? —5} =0

(8 (o E5 ) +8)/ (14 (p+ 252 +6)2-48
2

v

Solutions of L?— (1 +6%(p+ M) + 6) L+pBare A =
§1, L7 (L= A)(L—Ag) =0

For these relations to hold at any ¢, we have &; ;, = 0.Similarly, we have {3, = 0.
Optimal choice of d; (4.203) minus Optimal choice of %\Z,t (4.206):

— v

2 ~ A
f5,t+ (1-p)(C:t—Cf) =0

Together with C, — 62‘ = 2e; we get:

1
p

Together with (4.203):

Similarly, we have a?f + %\c,t =0.
NKPCs implies:



(4.195) could be simplified:

~ o~ o~ 1 ~
Vi - Y =q+ let — %\:,t + (v — 1)(; - 1)e (4.214)

(4.189) minus (4.190):

B = Vi - 2= 0)@+ = )+ (20~ D
= TV 2@+ = Tt ) + 20— 1+ 1)
Substitute (4.214) into (4.215):
T =T -1)= 1 - @-oe - 1] @ (4216)

Thht = 7T>;cf7t = 0 imply:
.- .- 1 L
oV = V) = 0,4 07 + (1 p)(2— v) [Y ~¥ - 0= - D@ +et] —0 (427)

The above two equation help to get expression

1
(v—1)

o+ (1= 2= 0] = @ =0 - @] @-(-p)e-0) [0+ = 2] 6 = 0,-0;

(4.218)

Rearranging the terms, we get:
er = (v—1)(0; — 05)
Replacing expression of é; in FOC (4.197) and we get the optimal output gap:

~ 2_
pm—9t+(1—p)(2”)”(et—9:):o

Similarly, we have ,017;* —0;—(1-p) (2—21;)@ (0 —07)=0
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The solution is different from case when p = 1. In sum, the optimal solution is:

> 2 —v)v *
%0+ (1- ) 20 -0 =0

(2 —v)v
2
C@+%,t:07 C/i\:;‘ﬁf\c,t:o

pYy — 07 —(1—p) (6 —6;) =0

S~ ~

tc,t = Sets tc,t = Sert
*

Thht =0, Tpp =0

sz’t =0, mpe =0

QED.

4.2 Welfare loss without home bias v =1

we have:

N 1—
Y;f_et:( p)(9t+9;:k)

2p
~ 1— .
7 -0, = S 20+ )
é\t:O’

Co=Ci = 500 +67)
&;4_?;]: =0, gi:tk—i_%\c,t =0
%\*c,t = ge,h %\c,t = gé,t
Thht =0, 755, =0

W;klﬁt =0, mppe =0
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Put the expression of policy and consumption into loss function, we have

LY, —0)2+ LYy —07)?
v(2—v
(8)

+
+ v(28—v)

o~ 1
(p fht

50+ )
A
ﬂ?‘h,t} + 35 [%”ﬁt +

(2—v)
2

3
2
Thhe T

(0, +67)? — £ (0, +67))? |
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(B g + 56 — Phnt +15)°
G = Dypatter)?

(2—v)
2

*2
Thit

]




5 Non-cooperation game, p > 1 with restriction ?C“,t

~x
Se,t

Home loss function:

~

= Se,ts tc,t =

(¥, =0,
) (aj)‘,';ft + 18, — Phnt + 154)?

A(14+5Z) 5Tons @W?h,t]

N [+ G
(P4) : Lpo = E; i(ﬁ)t _PTP At2 * %(1 -or <(A£k)2 - af) 2

t=0 +U(2g”) 1% ((ﬁ —0,) + 2_7”(137;# + %/e\t — Dhhyt + ?:t)
HHE L (T = 07) = §(F e — 38— Py +Tod)).
—HELe <(3A’t* = 00) + 352 (Ppe = 56 — Py +tAC¢)>2
\ _v(%—@# ((Y} —0,) — %(@;ft + %at — Phht + tAz,t)>2
(5.219)

The authority minimizes loss function by choosing {l?t — O, Thits T fhts C/Z\t,%\cﬂg, (/jt,é}}

given {17,5* — 67 ,Wzﬂt,ﬁ}f,t,?ck’t,(/i\; }, subject to following constraint, shadow prices are

{wl,tv W2t, W3ty w4,t} :

[ oYy — 0+ 550(d + 8 + 52 (1 - p) (@ + @)
That = 0 2 (gfv) (lfj))A S + BEThh14(5-220)
I g (et — 12y)
[ oY —0F — 2(dF + 1)+ B2 (1 - p) (@ &
Tihe = O Py t 2(2;) cit) 2 E* PG 2 + BET h445.221)
I +555(p = Do — t24)
o o Vs Vo . 2—v o~ 1 ~
Y = gdi—gdi+ @+ —5—(ter —t) + (v - 1)(; — e (5.222)
R Vs U N — U o~
[ §dt — idt — (1 v)qt — 9 (tqt — ?(c,t) (5223)
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Foreign loss function:

LT -y
+v(2 . (D — %@ Pipetitcs)
A(1=2) A(1+2) 2
5" [2 Pne + 550 %h,t] T |57+ QU)T‘-hft}
2 ~ Ak
= 10y <;mfw«f4qﬂ
P4):Li = E t 2 2
(P4) : Lo t;(ﬂ) (Sv)lpﬂ (( —0,) + (A}kat‘F Phht“‘tct )
2— —+3 V) * * -~ -~ 2
—ﬂ§ﬂifﬁan—w»—%«m—%q—@ﬂ+n»)
v2v) 1=p (s _pry 4 2=v(n  _ lp o 7 2
+—3 P (Y i)+ =5 (pfht o6t ~ Pyt c,t)
—v) p—1+2 (S -~ ~ \2
T (8= 0) = § B o+ 28— Prne +120)) |
(5.224)

Minimize loss function by choosing {XAQ* — 07, 7T;;f7t, ﬂ}ﬁt, o> dt L a5 et} given {Y; -0, Thhts Tt dt, },

subject to following constraint, shadow prices are {w] ;, @3, @3, @]}

. PY: — 0 — 5(dr +15,) + 52(1— p) (G + ) .
Thie = O (2 g et 2 . + BEimh ;41 (5.225)
2 ( )( - tc,t)
p&—ﬁ+%%@+mwﬁ$u—M@—a>
Tipe = 0 s u)2(1 p)( _ R + BE 1 {54 226)
S S Vo~ Vo . 2—U ~ ~ -
Yi-YS = §dt - Edt +q+ T(tc,t te) + (v —=1)(= = e (5.227)
~ VU . 2—=0 ~
€t = §dt — §dt - (]. ’U)qt - (tc,t %,t) (5228)
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We define

~ 2—v 1.
M, = (Y;‘,_Ht)'i_T(ﬁ;Lft"i_;et_phh,t +t,)
U * * U~ 1. ~¢ n
My = (Y] _et)_i(pfht_;et_pff,t"‘tc,t)
v * * 2—v 1 5 n
M; = (Y _et)+T(pfht_get_pff,t'f_tc,t)

~ v 1.
My = (Y;‘/_Ht)_g(ﬁft—i_;et_phh,t—’—%,t)

The first order conditions of }A/t —0,:

~ ~ 2 _u)1—
(Y, —6y) — (1= p)Cy + U(SU)pPQMl (5.229)
v(2—v)p—1+2 2 _ v -
_u )P C2My + dpwrs — w3t — ( )(1*P)2C’t=0
8 P 2p
The first order conditions of 7y, ¢ and s :
AL+ %)v
Thht g5 Thhit + w1 — w1t =0 (5.230)
A1+ %)(2 — )
Tfht 15 Teht + Wot—1 — Wat = 0 (5.231)
The first order conditions of c/l\t :
v(2-v),~ ~ 1. . v2-0v)?21-p
—(dy +t —e; — —_—M 5.232
1 (t+c,t+pt O+ =g S M (5.232)
2—v)p—1+12 2—
-f—U( v)p YoMy + 6 ,let—l-gw;gt—i-ngltzo
8 p 2 o2 2w

The first order conditions of tAQt :

~ (2—0) (2 —) 2 x| A
a-WEED L B oo (@ea)
—v)p—1+42 —v)?1-
_'U(Q U)p +UM2’U—MQM3
8 p 8
2 —v)(1 - 2-v)(p-1 2= 2=
+5(1})2(p)w17t + 5(1})2(p)W2,t — (5%@2,15 + 5 Uw?),t 9 vw47t 0
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The first order conditions of €; :

v(2—v) ~ 1. . 1—p
74 (dt"i_%\:t"i_;et_et) P

l—p(2—-v)5
—(1—=p)—— C
( ) P 5 t

_M(l _ p)Quﬂ <_1/€\t + 2@)

2 P P
v2—v)l—p(2—-v)l—0p v(2—v p—l—l—%vl—
@o0)lop@ iy, v pitieis
v(2—v)1—p(2—v)1— +v(2—v)p—1+%91—

4 P 2 P 4 P 2 p
L2-vd-p) 2—-v)d-p)

1
9 dwys — fﬁswz,t + w3,t(; —1)(v—1) —way

0= (5.234)

First order condition of ; :

0 = 1-p¥=Yg, (5.235)
2(2—v) L A
50 o)

2—-v)1-p)
2 ’ 2

0wt
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FOC of foreign:
The first order condition of Y;* — 6% :

U * * % * Ak v(2—v)l—
T =0 (B = 0 - (1= G + "2 Loy

2—v)p—1+2 2 —
—U( 3 V)P 1]2]\42+5pw’2"t+w§ﬂt—M

The first order condition of 7} it and 7ch I

A1+ 49)(2—wv)

Thit: 25 Thit T @11~ @1 =0
. A1+ %)v i N .
Tiret T ag  Tire T P2 @ =0

The first order condition of (/l\;f :

~ v(2—=-v),54 ~ 1.
dtzi4 (dt+t67t—;et+et)+
v(2—0v)p—1+2 2—v
( )P

oMy + 6 -
g, ety mng

The first order condition of tAzt :

Tx o A*<2_v) (2—'{))
leg: (1-p)C; 9 + 4p

(1-p?2-v) (€ +C,)
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The first order conditions of €; :

v(2—v) . 1. ~1=p
— P~ J6 Prpat tc’t)T (5.241)

+a-ptorl e

0=—

0(2_U)1_P(2—U)1—pM U(2—v)p—1—|—221—
4. p 2 p ! 4 s 2 p
v2-v)1-p2-v)1-p, ~ v2-v)p-lt+ivl-
+ e 2 7 4 P2 p
2—-v)(1—-p X 2—-v)(1—-p . . 1 .
+()2()5w17t ()2()513% Pl =) 0= 1) — i

First order condition of g :

0 = 1-pe; (5.242)
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5.1 Game solution

e Highlight: Method to prove is similar as in previous case except that notations

could be tedious here.

From equation (5.232), we have:

(2—-v) ~ 1. . (2-v)2%1-p
@it = T, (dt—i_%,t"'_;et_et)_ 1 TMl
2—v)p—1+2 2
_u v V)P oMy — 6° Ve — way (5.243)

Replace w3, in equation (5.233) with the above equation (5.243):

~(2—wv 2—wv ~ A
(-G + B ppe-0) (G +6) (5.244)
_v(2—v)p—1+%M2v_U(2—v)21—p
8 P 8
2—-v)(1- 2—-v)(p—1 v 2—-v
—|—5—( )2( p)w,t—i-é( )2([) ) ,t—5§7ﬂz,t— 5 W4t
2—v(2—-v),~ o
5 2 (dt—i-?c‘t—i-;et—et)
2—1}(2—1})21—le
2 4 p
2—vv(2—v)p—1+2 2—v2—vw 2—vw
‘ — 1 — =0 5.245
2 4 P) S R @4t (5.245)
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Replace w3, in equation (5.229) with the above equation (5.243):

(Y, —0,)
~ 2—v .  2—w ~ 2—v.,1 N
R )
v(2—v)1— ~ 2—v ,~ 1.
SIS, ) + 2+ B+ - 0)
(2—) ~ 2—v._. 2—-w ~ 2—v,1 N
sopmns— o0 (- 2 0+ 200 - R+ 2506 - @)

2—0) ~ 1.

+( 9 )<dt+%\:,t+p€t_et)
2-v)?1—-p o 2—v ~ L.
e (R R A )

2—-v
+5TW1¢ + @4 =0

Rearranging terms, we have expression for wj; :
9

1

(Y, -0
2(t t)
TS
—0w —_— W
50Tt 2—v+tup 4t
1 2—wv 2—w -~
—(p—1)(6; — 0 -1
+2p (p )( t 2 Qt+ 2 (C,t C,t))

1 ~
—— (v —2) (d +13,)

4p
1
~(p—1 —Ne = .24
t, 0=V =2 =0 (5.246)
p(Y; — 0)
2p 2p
— _—
+v wl’t+2—v+v,0w4’t
2—1}/\ 2—’0/}< ~
+(p—1)(0; — 5 g: + 5 (ter —tet)
]_ ~
5 (v —2) (dy +?£,t)
1
+5 (=1 (v =202 =0 (5.247)

We can easily find that:
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2422 C-0)1-pp )

2 ~ o~
pYe — 0 + ——(di +1.;) + — (- p)(qt +e) + 5 (tet —tey
2 2p
= ——9 — 5.248
Wit 2o+t va4’t ( )
This is the first key equation for our solution. Therefore:
Thht =0 —2fp5W1 i = L w4y | + BB (5.249)
) v ’ 2 _ v + vp ) )

e By combining the FOC of #; and &, and employing equation (5.243), we have:

6(p—1)wor=way (5.250)

e Replace wy; in the the first order conditions of ¢;, equation (5.235):

2 _ 1) ~
0 = (1-pn2=Yg, (5.251)
(2 —v) 9(2—0) 1. ~
1 — _Z
2 — 1-—
+(v)2(p)5w1,t + %w4,t + w3y

By replacing ws; in the above equation using equation (5.243), we have:

0 = (1-p) 2 ; U)at (5.252)
+(22_pv)(1 - p)2(2;v) (—;a + 2@)
+(2_U)2(1_p)5w1,t + %w4,t
SC G+ 2a-a
(2 —411)2 ﬂ((f/t _0)+ 2— U(@Zﬁ N ;é\t e +)

~ UV .o
_ (Y= 00) = 5 B+ 8~ B +720)
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Replace @ and simplify the equations:

1 ~ ~
0 = i(vp—v+2)(Yt—0t)—g(Y}—9t) (5.253)
1 2—v_. 2—w ~
5, 0= Do = v +2) (0 = =5+ 5= (0~ Ter)
1 2—v..  2—-w ~
—5(0—1) (0 — 5 gt + 5 (%z,t_tc,t))
1 ~
— L w—2)(wp—v+2) (@ + 1)
4p ’
1 ~
5,02 (di +17,)
1 ~
+Zp(p—1)(v—2)(vp—v+2)et
1 ~
=D -2
+i( —v+2) 0wy + !
% vp —v Wit 2w4,t
Using equation (5.246), we have:
~ 2p0 2p
Gttt ) =-Lmy - — L 254
( t+ c,t) v Wit (Up—’l)—i—?)szt (5 5 )
We can simplify the FOC of (Y; — 6;) :
1 ~
S (Ye—00) (5.255)
1 2—v 2—v ~
—(p—1)(0; — ai -
R ICEE B GA)
v~ 1 .
_Zp(dt‘i‘%,t)"‘@(/)—l)(”—?) +=0
Similarly, we have
1 U * *
S (¥ —0%) (5.256)
v, 2—-v ~
i 1 ~
—di i) ——(p—1)(v—-2)& =0
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The difference of these two equations are

1 5 & 1
5 = ¥7) = 5(0: — 6r) (5.257)
(p_l) * (p_l) ~ (p—l) “~ —~
0y — 07) — 2 — 2—v)(t:, —tc
+ 2p ( t t) 2p ( v)qt+ 2p ( )( C,t 7t>
G T @ )+ (p—1) (1 -2 =0
4p t et 4,0 t ot 2 1% v €t =
By replacing Y; — Y;* using equation (5.227):
lov~ vy o 2—v .~ 1 —~
(g% =3l + @+ =5 (e — ) + (0 - DG~ D&) (5.258)
-1 (p—1) ~ (p—1) S 7
—(0; —0;) — ——(2— 2 —=v)(t;; —t.
+2p( t t) 2 ( v)q; + 2% ( v)( et t)
L+ B + —(dF + 1, )+i( D (w—-2)&=0
4,0 t et 4,0 t ot 2 1% t =
By replacing é; :
lv~ vy o 2—-0v ~
§(§dt - §dt +aq+ T(tc,t - zi,t))
1 VU 2—v ~ .
——(p—=1)(zd — =df — (1 —v)q — ter—t 5.259
2p (p )(2 t 2 t ( v)qt 2 ( 7t C,t)) ( )
—1 o (1) . (p=1) ~
g 0= 8 = L -0+ P 2 - )@ - )
v~ Vo~
*Z(dt Jrﬁ,t) + %(dt +tet) =0
Further simplify:
G = (00 = 07) = (Fey — 121) (5.260)
Using equation (5.222),(5.223) and (5.260), we find that
~ 2—v , ~ 2—v PR 2—v)(1— ~
0B 0+ 2 )+ 20 @ e+ BTG,
Uk * UV 5 7 2—-w ~ o~ 2—wv —1) ~ ~
= o8 0 0@ 1)+ CC 0 o - a0+ BTN G, )+ sy

Know that equation (?7) and (??) implies:

U * * Vo | 7
pY; — 0 — §(dt +tc¢) +



Therefore, using (5.221) and (5.231),we have:
wat — wai—1 = 0+ BE(wa 11 — way) (5.263)
Similarly, from equation (5.220),(5.246),(5.250), and FOCs (5.230), we have the fol-

lowing equations for @i ; and wa :

2p(p —1)6

FE — _ 5.264
2_v+va2,t + BE (w14 — wit—1) ( )

Wit — Wit—1 =0 _%5'@1,1& -
Then, we must have wy; = @, ; = w,, =0 and
d+15,=0 (5.265)
Similarly, for the Foreign country, we have

Wy =Wy = C/Z\;tk + %\C,t =0 (5.266)

which also implies 7y = 0, W}fi = O,ﬂ;fi = 0, mspt = 0. Put these solution into

expression of (5.229) and (5.236), we solve optimal output gap.

~ 1 . 1 ~
(Y —0) = —27)(/)—1) (9t+9t)_%(p_1) (v—1e (5.267)
U * * _ _i B * i N 1\ 2
Y -0 = 2p(p 1)(9t+9t)+2p(p (v-1e (5.268)
A (0e+07) e
Cy = 2 + 2
G = 2p 2p
ee = (v—1)(0,—0;) (5.269)

Conclusion: The optimal policy under noncorperation game (with restriction) is iden-
tical to the ones under corperation game.
QED.
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6 Three-players Nash game

In brief, the monetary authorities care domestic loss function and minimize the welfare
loss given the constraints and the other players choices. The fiscal alliance minimizes the

global welfare loss.
It’s easy to verify that the following solution is the equilibrium of this three-player

Nash game for both under p > 1 and p = 1.

6.1 The Game, p=1

e The problems of Home and Foreign monetary authorities are identical the the Nash
game (P2) except that {tAc,t, Sets tAzyt, 5%+ } are not their choice variables. @1 4, g1, 03
are shadow price for inflation dynamcis constraints and resource constraint at Home
while ¢7 ;, 5 ;, ¢35, are shadow price for constraints in foreign country respectively..

First order conditions are:

A . 2-v) /o v s
Y, -0, + (Y,-0)- ((Fi=00) = S +20)) +01, — 03, =0 (6.270)
Av
Thit + 5 Thht T P11~ P14 = 0 (6.271)
A2—wv
Tfht - (25)7Tfh,t + a1 =2, =0 (6.272)
~ v(2—-v), ~ v(2—v s v, 2—-w v
g o P0G ) (@0 - ) 07 e+ g2
@ op3.=0 (6.274)
U * U * * (2 - U) {* * Vo | 7 * *
V=0 s (B0 - 5 (W = 00) = S(d +1.0)) + 00, + 95, =0 (6.275)
* AV * % *
Tire 55Tt +911—p14=0 (6.276)
* )‘(2 - U) * * *
Thit - o5 Thft + o112, =0 (6.277)
“~ v(2—-0v), 4 -~ v(2—v Sy . U,y o~ 2—v , v
g PG+ O (-0 - U@ 1) + 00 et — Li2m)
@G : p3,=0 (6.279)
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Rearrange the optimal choices (6.270)— (6.273) and (6.270)— (6.273) , we have:

—~ 2—0v) ~
G0y = - d 1wy
U % * (2_U) Tk n
(Yt _Ht) = _T(dt +tc,t)
P = 0
@T,t =0

e The problem of global fiscal alliance: the fiscal authorities can coordinate. While
fiscal coordinating, the authorities maximize the global welfare. The objective fuc-
ntion and constraints are presented in (P1). &5, is the lagrangian multiplier of
corresponding constraints of market clearing condition. The FOC of global fiscal

. . ~
authority on s, and s, :

Set:Thpe =0 (6.280)
Set:Tpne =0 (6.281)

It’s easy to see when fiscal authority commit to a subsidy rule at time 0, the first order

conditions implies that optimal inflation rates are zero. The FOC on %.; and tA,’;t are:

~ v(2—-0v), 5 -~ 2—v , 2—-v 2—-w

C,t . (7)(dt + tC,t) + 2 T‘-ff,t + 2 Trfh,t + 2 55715 = 0 (6282)
v(2—v) ~ 2—wv 2—v 2—v

?g,t : T(dt + ﬁ’t) + Thht + T ThftT T4 £50=0 (6.283)

In equilibrium, 7 ft = Tfht = 0 implies

C/i;‘i‘ge,t =0
(/i\z(—i_?ek,t =0

Through the FOC of monetary authority, we know that m,, , = w’}ft = 0. Using the

market clearing condition and the FOCs on tAC,t and f:t, we know that the optimal output

gaps are:
Y,—0,) = 0 (6.284)
Yy =05 = 0 (6.285)



Given that

o0
Thien = —0Y B°E; [dt+1+s + /S\e,t+1+s} =0
s=0
o0
s T ~k
Tfhitl = —525 E; [dt+1+s + Se,t+1+s} =0
s=0
“~ —~
szﬂf = 0=t =5t
Tine = 0=l =5,

To this end, this two-step game replicates our previous result.

extended to the general case p > 1.
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6.2 The Game, p > 1

e The problem of Home monetary authority

Home loss function:

A 97&)
+22 v)( et Phht+tct)
,\(1+—)
vl b0 hht+( p) )W?‘ht]
AI-2) T, .
t [g o+ Bl
2—v) p—1+2
_U(gv)p 2 U((l )Ct+tct et> _1Tp t2
o v(2 v) p— 1+% <(1 Ct +t 3 t>2
(P5): Lo =Ey » (B) (2
> + (81’”);(1 p)P(CF - )
2— + N
+1,( 1 2) £ P ((tc,t - ?gt) - (tc,t - se,t))

N B 2
e g ((Yt —00) + B2 (Bl + 56 — P + tct))

) p=14+2 (S, . ~ 2
O (0 = 07) = § (B — 56 — By + o)
@) 1op (Pr _pry 4 2ov(s 1z s 7 )

5 (Y 1)+ 5 Oppe — 56 — Dypp T tes)

_ —1+2 ~ . . 2
—HE s (% - 0) = § g+ 28— B +150))

(6.286)

The Home monetary authority minimizes loss function by choosing {
given {Y; — 05, th,v ﬂ'ff’t, dt , tc,t, tc,tv se’t, 531}, subject to following constraint,

prices are {w1 ¢, a4, W3, , War)

- _ 5 pYy — 0, + 350(dy + T2y) + 21— p) (@ + @)
hh,t - 2 1 -~
+(U)2M( ley — Zt)
/\* -~ ~ 27 o~
e = 5| P — 07 = 5(di + 1)+ 552 (1= p)(@ — @)
t = _ ~ ~ —~
+2Tv(p - 1)(tc,t - tc,t) + tc,t - Se,t
S S Vo~ Vo . 2—U ~ 1 N
VooV = Gl i vt Ty e~ )+ 0= D0 - 1
~ VU ~ 2—=0 ~ ~
ey = §dt - §dt - (1-v)g - B) ( et tc,t)

e The FOCs of Home monetary authority:
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0t7 T hh,ts T fhts dt') qt, et}

shadow

+ BEThn,4(6.287)

+ ,BEtﬂ'fh t(—@ 288)

(6.289)

(6.290)



We define

~ 2—v 1.
M, = (Y;‘,_Ht)'i_T(ﬁ;Lft"i_;et_phh,t +t,)
U * * U~ 1. ~¢ n
My = (Y] _et)_i(pfht_;et_pff,t"‘tc,t)
v * * 2—v 1 5 n
M; = (Y _et)+T(pfht_get_pff,t'f_tc,t)

~ v 1.
My = (Y;‘/_Ht)_g(ﬁft—i_;et_phh,t—’—%,t)

The first order conditions of }A/t —0,:

(ﬁ—eg—u—pﬁ%+ﬂ3iﬂliﬁmA (6.291)

8 p

v(2—v)p—1+2
_u )P 5 C2My + 0pwi s — w3y

8
v2-v)1-p)p—1+3 AT
- A P ((1 - p)Ct + tc,t - Se,t)
v(2—v)p—1 95
S VY S . —
+ 4 P (L—=p)°C=0

The first order conditions of 7y, ¢ and sy

AL+ S)v
Thhit © g Thht T @li-1 = Wit = 0 (6.292)
A1+ 2)(2— )
Tfht * 15 Tht T @2t—1 — w2t =0 (6.293)

The first order conditions of c/l\t :

v(2—=v) ~ 1. . v@2-0v)21-p
74 (dt + %\*c,t + ;et — et) + - 3 P Ml (6294)
2—v)p—1+12 2—
+U( V)P oMy + 6 let—l—gw;),t—i—gwuzo
8 P 2 ' 27 2
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The first order conditions of €; :

(6.295)

(6.296)

v(2—v) ~ 1. . 1—p
0:T<dt+%\:t+;€t—et) P
l—p(2—-v)5
—(1—p)—— C
(1-p) P 5 t
v(2—v)p—1+2 o 1—p(2—w
RO (1= Gt - 5) (- LY
v(2—wv p—l—l—g ~ =N 1—-p(2—-v
L (R R AR N EE
v(2—v)p—1 2(2—1})1—p< 1. A>
+t———10—p — | ——a+2G;
4 p( ) 2 p P
U(va)lfp(va)lprl_FU(Z—U)p—l—l—gglfp ,
4 p 2 p 4 p 2 p
2—v)l—-p(2-v)1l- 2-v)p—1+201—
v2-0)1-p@-)l-p,  v2-v)p-1+ivi-p
4 p 2 p 4 p 2 p
2—-v)(1- 2—-v)(1- 1
_s_u(gwl’t _ u(gw” twgi(=—1)(v—1) — way
2 2 P
First order condition of ¢; :
2—v)l—-p4,
0 = -t Vo2,
v(2—v)p—1+2 o 1—p(2—w
+ ( 1 ) P = ((1_p)ct+tc7t_se,t) (1_p) ( 9 )
v(2—v)p—1+2 . . 1—p(2—-0)
FE e (0= 0 4B = 5) (- ) >
v(2—v)p—1 2(2—1})1—p< 1. A>
) ey (R 0]
4 p( ) 2 p p
2—v)(1—p)1- 2—v)(1—-p)1-—
C-0(-plop  @2-0(-pi-p,
2 ’ 2 ’
1-— 1-
+7p 30 — —— (1 —v)way
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e The problem of Foreign monetary authority:

Foreign loss function:

LYy —6;)?
- . ~
- o v)(pfht %et_(ﬁ}f)t‘i‘tat)
1-< A(1+2 2
5" [2 hht+( 2 ?‘h,t] LA %W}?,HF( 21})71—23”,15}
2

2—y) p—1+2 ~E 1-p A
+¥T ((1— )Ct”ct—?ek,t) - SECP

AP (1= )G+ By~ By)

0o (2w 1 *
(P5): Lig = E: > (B) (81 )p” (1= )" - G

— vie—v — +7 t . 5

t=0 - (24 = b ((tc,t —Set) — (tat o Sevt))

~HCRe (7, - 0) + 25
M P (T = 07) = $ e - %

+ (28 v) 1pp (( —07) + 271’(;3}% — %é} —jo‘;cfﬁtthAcvt))
BT (8- 0) — 3Fige+ b i)

(6.297)

The foreign monetary authority minimize loss function by choosing { 1% — 07,77, £t m Tt dt NTHNCH }
given {Yt — 0, T Fhito dt, tqt, tz,t}, subject to following constraint, shadow prices are

* * * * .
{wu, Wt W3¢t w4,t} :

Vi — 0 — 8(dy +T2,) + 52(1 — p) (@ + &
ﬂ-;klf,t - 5 p ! (2711)) ( ! ) * ( p)(Qt t) +6Et7r;;f,t+1 (6298)
T2 ( 1)(ct_tct)+tct_set
' PV — 07 + 352} +1.) + 35201 - )@ — @) .
Tire = 0 +w( tc) + /BEﬂrff,t(-&-Gl‘zgg)
2
v U * Vo> U o 2—v ~ 1 ~
Yi-YS = §dt - §dt +q+ 5 (tes _?cﬁ,ﬂ + (v - 1)(; — e (6.300)
~ U~ UV = —~ 2—0v ~
& = Gdi—odi — (1= 0)g — ——(fer — 1) (6.301)

e The FOC of Foreign monetary authority:
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The first order condition of 17;* — 05

. ~ 2 _u)1—
yfe;:(y¢0:)+”(égzgpzﬂmg (6.302)
P

2-v)p—1+2 ~
) ey 4 Spwy, 4wl — (1 )

8
2—v)(1—p)p—1+2 ~ N
_U( Ui( PP = <(1 - p)Cy +%§,t - Se,t)
P
v2—-v)p—1 24
——————(1-p)°Cf =0
+ 1 P (1—p)°C

The first order condition of 7} it and 7r} I

AL+ 2)(2 )

Thit v Thpt + @11 — @i =0 (6.303)
A1+ %)
Trrt - prfﬁt + @y 1 — @y =0 (6.304)

The first order condition of c/i\;f :

~ v(2—=-v),54 ~ 1. v(2—-0v)21—p
dt : T(dt + tC,t — ;et + et) + TTMg (6305)
v(2—v)p—1+2 2—w v v

< ; YoMy + 6 5 w;’t—iw“ §wz7t—0
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The first order conditions of €; :

v(2—v) . 1. ~ 1=p
0= _T(pfht — ;et — pff,t + tc’t)T (6306)
v(2-v)p—1+2 S, 1—p(2—0)
BT (1= pGit i - 50) -2
v2—v)p—1+2 - _ 1—p(2-0)
+ ( 1 ) P = ((1—P)Ct +%z,t_se,t> (1—0)7 5

1-p(2-v)5

1—p)—— Cr
+(1—p) P 9 ¢

v(2—v)1l— 2—v)1— 1. ~
ZILopy s (1 o)

4 p 2 p\p

v2—-v)l1—p2—-v)1—0p _’U(va)p—l—F%El*p

4 p 2 p ! 4 p 2 p 2
v2—-v)1—p(2—-v)l—p v@2-v)p—1+2v1—p
- M;z — 5 4

4 p 2 p 4 p 2 p

2—-v)(1- 2—-v)(1- 1
2ol mp)y . 220020 p)(sw;ﬁw;t(f—1)(1)—1)—@7“

2 ].,t 2 p s

First order condition of g :

0 = (1- )(2;1))6;‘ (6.307)
_“<24‘”)”;1(1_ )2(2;”) (;&—1—2@)
+v(24—1})ﬂ—;+z (-G + - 52,) 1 p)f ;v)
+U(24_U)p_2+3 <(1* )CZ‘+?£,f§et> (1/))(2;@)
_(2—v)2(1—p)5w>{t (2 ”)2(1_p)5w;t o+ (1 - vy},
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e The problem of global fiscal alliance, the problem is characterized in (P3).Optimal
choices are {tAC’t,tAZt,ézt,é\e?t} . The constraints are (4.191)-(4.196). &5, and {4, are
the lagrangian multipliers of corresponding constraints of market clearing condition

and real exchange rate. The FOC of global fiscal authority on 57, and s, :

Set i Thpe =10 (6.308)
Set:Tpnt =0 (6.309)

It’s easy to see when fiscal authority commit to a subsidy rule at time 0, the first order

conditions implies that optimal inflation rates are zero.

6.3 Proof

We denote My, My, M3, M, as in the previous section. Since sz,t and yp; are zero in
the Nash equilibrium, the FOCs equations (6.293) and (6.303) imply ws = @], = 0.

e Combine FOC of d; and )A/; — 0, and simplify the equations, we have:

p(Y: — 0;)
v o)
% +220(d, 1 32,) (6.310)
+(p—1) (0 — 232G + &) + 52ty — o))
v v(2—-v)(1—=p) ~
5 S S A S 2 =
+owit + 2—ovt pv)w4,t 4p (ter — 52

Similarly, we combine FOC of C/l\:; and Y;* — 0, we have:

+ 850 + 1.

c,t)
+(p—1) (‘9: + Q%U(th +er) — Q%U(/:ét - tAct))

2p 2
ey —76 * - -
v wQ’t+2—v+va’+ 2
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This is the first key equation for our solution. We can express:

2p 2p 2-v)d-p) »
Thht = 0 [—Uéwl,t - mw4¢ + 9 (tc,t - Se,t) + BEThh 41
(6.311)
. 20, 2 2-v)d-p) » = .
Thps = 1) [—Uéwu + Y va4’t + 5 (tc,t — se,t) + ﬂEt’ﬂ'ff’t_,’_l
(6.312)

e By replacing w3, in the FOC of ¢ using the FOC of dy and simplify the equation
using (6.310):

1 - 1 -
Lo-DE=22 @+ = g lo= 1 0= E ) (6.313)
W@-w)p—1+2 (2w o
+ = (1 ) (%\:‘::t - e,t)
4 2
1 2—v)(1-
—%(5 (p—1)(v—2)%0w; — ( )2( ) oo,
n v—2
w
pvp —ot+2 M
Further simplify:
> (p=DWw=2) ~ , vp—v+2 -
@ity = CTNEDG a2 G s (esw)
2p 2p0 4p?
——0 + +
TR T e vt -2 (p—1) M
Similarly,
- (p-DW-2 . wp-v2
(di +lct) = f(tﬁét — Set) — Y (tc,t - Se,t) (6.315)
250 208 4p? .
——d0w Wil — w
v A 20T 2utpr)(v=2) (p 1)

The above is the second key equation of the proof.
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o We further simplify the FOC of f/} — 6, in equation (6.310) and corresponding equa-

tion for the foreign country.

p(Yy = Y7) — 0, + 6
(=D (w—2) o A*)_UP—U‘FQ(Q—U)O 5.)

4 (tc,t — Sejt 92 9 et — Sejt
+pbzory + pb 20
POt T POTT2 ¢ — W4t
2-v+p)(p—1)
(p—1)(v-2)? ~ vp—v+2(2-v) ~
+ 4 (A’ét - e,t) + 9 9 (tc,t - Se,t)
2p
P wl,t P w2,t (2 —v+ pv) (p _ 1)w4,t
HL—p)2—0) G +e —thy + 1) (6.316)
2-v)1-p) > 2-v(1-p) n -
BT G s+ BT @ ) = 0

Use the resource constraint and the defition of real exchange rate, we have:

v, ~ v S ~ R ~ .
(E(dt +ing) - §(dt o))+ @+ (g —Tog) — 0+ 0; (6.317)
2—vw ~ 2—w N
+ 5 (vp—v+1) (s —3cs) — 5 (vp—v+1) (?‘ct —5.4)
2p
5 5 -
R R T
5t , — pbow 2 £ g
- w - w - I =
POy ¢ — POWay 2—v+pv)(p—1) 4.4
Using the expression of ((ft + ?c"t) and (c/l:tk +t.4), we have
(vp—v+2) ~ o~ (vp—v+2) o ~
f(tc,t — Ben) = f(tc,t — Se,t) (6.318)
2pd 2p 206 2p .

+ wat + Wit — 7o Wi+ 77— <@
o) T =2)(p-1) Y 2=0) M w=2)(p—1)

G+ (b — o) — 0+ 07 =0
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e By using output gap in the NKPC of foreign country, we have:

(2_71)(1—0)(%\ "

=~ 2—v, ~ 2—v o~
pYr — 0 + T(dt +E§,t) + T(l —p) (@ +e)+ 9 et — tot)

~ v, o~ (2—-v) N 2—v ~ —~
- [PYt* 07 — 5( ;fk+tc,t) + 9 (1—p)q — &)+ 9 (p— 1)(tc,t _?g,t) +ito — ?é,t
= Pg(dt+tct) _Pi(dt +tc,t)+p(qt+(tc7t_?c<,t))

+(1 - p) [g(dt +§i,t) - §(dt + tc,t) — (1 —v)(q + (tC,t - ;it))
* ~ I N ~k e UV n T
—0; +0; + (2—v)(1—p) (@ + let — /Pc(t) —tept+ Ser— §(dt +ﬁ,t) + §(dt + tc,t) + (d +ﬁ,t>

= @_9t+9?+a,t_ﬁ,t+<dt +ﬁ,t> _z\c,t—’—‘/s\:,t

In other word, we can represent:

pY —0; — §(dt +tc,t) + 9 (1—=p)(q —e)+ 9 (p— 1)(tc,t %t) +ilor — Set
2pd 2p 2-v)A—p) > -
= LT, - —F = s PG, -8 — (de+t
o ZLt (2—U—|—pv)w4’t+ 9 (c,t se,t) (dt + c,t)
— @ — 0+ 6F +%\c,t _a,t]
2P ~ * I Tk
= o R
vVp—U+2 L 2p0
+f (to: —Ses) — 2—0 2,
B 2p - +Up—’l)—|—2(f\ ?k)_ 2pd o
(U—2) (p—l) 4.t 9 c,t et (2_,0) 1,t
Since we have
wo = w’it =0
Which means
2p vVop—V+2 ~
- 1 ( ot ‘/S\Zt) =0
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Similarly, we have

S (p—1)(w=-2) ~
@G+t = LG (6.319)
vp—v+2 - 2p
- 2 (tC,t - Se,t) - 75w17t
4p?
Wyt
2-v+pv)(v—-2)(p—1)
And
- _ 2 2 2-0v)1—-p) ~
7 " P P P
(di +t04) — (tos — 5ep) = —75W1,t - mw4,t + 9 (tey —554)
Simplifying this equation, we have
“~ —~
tc,t — Set T (I)lw4,t
et ?é,t = ‘1)27571,1;
®; and P7 are some constant, and we have w,; = wj, = %\z,t — 8t = %\c,t —5:;=0

And thereby, using (6.311) and (6.312), we have

%
Wit = Way =0

C/Z\t‘i_%’t - 0
CE{-FE:J; = 0

It’s easy to verify that the output gaps are still the same as in the coorperation game.
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7 Welfare comparison with Engel (2011)

It’s necessary to point out that the welfare loss function in Engel (2011) is measured by
deviation from flexible price allocation. Below, we list the optimal policy in Engel (2011)
and we show that this welfare loss (relative to flexible price) is positive given the optimal
policy. We then present the flexible price allocations in Engel (2011). Finally, we show
that our policy and allocations are identical to the flexible price allocation in Engel (2011).
Thereby, we prove that our policy improves the global welfare.

Define zf = @ and z}V = % In his appendix, Engel defines the flexible price
equilibrium, and calls this equilibrium as the efficient equilibrium. The welfare loss ¥ is

calculated as the deviation from this equilibrium.

v(2 —0)

(w5 + (1) + =

(st — 3t71)2
D = pv(2 — v) + (v — 1)2. The cooperation game (without markup shock) in Engel
(2011) have the following solution:
~ 2—v)v_
jt = (2)315: g’ =0
my = —(1} — 1)§t
gt = St — (Qt —0:)
s¢—Si—1 = —05+ BE(St41 — 5¢)
= V=0
Under any solution this welfare cost W is positive. It’s easy to verify that our optimal
allocations (5.265)-(5.269) are exactly identical to the efficient (flexible price) allocations
in Engel (2011). Thereby, we prove that the welfare loss in our analysis is smaller than
the welfare loss in Engel (2011).
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8 Consider Tax instruments in Adao, Correia and Teles

(2009)

In Adao, Correia and Teles (2009), they consider consumption tax on both domestic and
imported good, as well as labor income tax. We discuss the role of this tax combination in
our standard two country model with complete market across country. Model specification
is similar to our basic dynamic model. Here we only highlight the equations which is
changed when considering various tax instruments. Our conclusion is that combination of

consumption tax and labor tax cannot achieve flexible price allocation in standard setting.

8.1 Model

Household budget constraint:

(14 the) PuntChy + (L + t) PrntCry + Mygy + B+ Y B(C¢H D)

Ct+lezt+1
= (1 - Tt)WtLt + Rt—lBht + Ht + Mt + Tt + D(Ct)
First order conditions
ol
(1—T)Wi—5— =1 (8.320)
Py
Demand of home and foreign good
v PtCt
C = - 8.321
ot 2 Pppt(1 + tht) ( )
PC
Cpp = (1-+ At (8.322)

2 Pi(1 +ty4)

And firms optimal pricing equations are different from the case when export subsidies
are introduced. But these equations are standard in literature and omitted here.

market clearing condition

v RC v PrCy *

YVi=o—— ot App (1= o)

8.323
2 Prpt(1+thy) ( )
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8.2 loss function and coordination game

Following the same procedure as in our benchmark model (p = 1), we get the global loss

function:

sV =0+ 3(Y, - 0,)°

o0 FUC) (G T, B )2 M (G 4 F - T2
It fit 8 h,t hit
(P6): LY = E; ) (B)' N o w2 L (2-v) . (8.324)
; +35 %Wfif,t + 2v ﬂh?‘,t
A 2—
+35 %W%h,t + Qv)ﬂffh,t
NKPCs and resource constraint:
B 2—v,~ ~ ~ N
Thht = 0 |Y;—0;+ —5 (dy + ?,;t —tpy) Ftpgt Tt:| + BEmpne+1 (8.325)
* o U, -~ R «
7Thf,t = (5 }/;f - gt - §(dt + ?;L,t - th,t) + /t\;(L,t + Tt:| + 5Et7rhf7t+1 (8326)

* -A* * 2—v 5~ A~ N
Tire = O |Ye — 0+ —o—(df + g, - o)+t + Tt:| + BEmyp 1 (8.327)

B * UV n n A~
7Tfh,t = 9 -YYt — Gt - i(dt + tf,t - /t\},t) + tf,t + Tt] + BEtﬂ-fh,t—i—l (8328)
S S v 2—v,_, v—1_ wv_, 2—wv__ Vo~ 2—v,~ 4
Y=Y = —-Dhni— (Phpa)t ettsPrpat Pine—oEne—tr)t—o—(tp—th)
2 2 2 2 2 2
(8.329)

e Let ¢ft,¢ét7¢étv¢£t7¢ét to be lagrangian multipliers for equations. First order
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conditions are

Y, —6; - 2—9t+5(¢ft+¢§,t)—¢ét:0
—0; ?*_0:+5(¢?t+¢ft)+¢?,t:0

Thht %Whht ¢1t+¢ 1,t— 1=0
Thit ° (2;(;))>\7Thft ¢2t+¢2t 1=0
Rhe w6t i =0
Tfhit (2;(;})/\7Tfht — ¢4At =+ ¢4At—l =0
Jf 1}(24)(dt +tft_tft)+5( ¢3t ¢f,t)—% g
C/Z\t : 1)(24_0)(315‘#?;”5 tht)+5( ¢1t ¢2A,t)+%¢?,t:0
%\h,t : (24_U)(dt+tht_tht)+5 ¢1t+5 ¢2t
?;L,t : U(24_U)(dt+tht tht)+5 ¢1t ¢2,t—
z\f,t : 1)(24_0)(3:"'z\ﬁ tft)+5 ¢4t+5
e —1)(24_1})@? +%\f,t_%\]*‘,t)+5§¢4,t+6§¢37t+§¢5,t =0

Foot (ot +5) =0
it 8(e8, +5y) =0

Put (8.342) and (8.343) into the first two FOCs, we have

- ¢54,t =0
* * A
Y =0 +¢5, = 0

Together with above equations (8.338)-(8.341), we have
(C?t + %\Z,t - tAh,,t) =0

(d: "’tAf,t - ?}t) =0
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(8.330)
(8.331)

(8.332)
(8.333)
(8.334)
(8.335)
(8.336)
(8.337)

(8.338)

2;—%?,48:369)

= oi(s-30)

(8.341)
(8.342)
(8.343)

(8.344)
(8.345)

(8.346)
(8.347)



Above equation (8.336)-(8.337) imply qﬁf’t = ¢ft = 0 and final solution is

A A A A A
¢1,t = ¢2,t = ¢53,t = ¢4,t = ¢5,t =0
* *
Thit = Thie = e = Teht =0

Yi—0, =0V — 6" =0

~ & .
ht = lht = —Tt
T X o~
ft =tpe =T

8.3 non-cooperation game p =1

In non-cooperation game, Home loss function is:

(P Lno=-Wia= B3 ()' {~(@ - T + 512}

t=0

()" L@y ey
= E Y (B) 7 tre T 1 Uy
t=0 +&0) (—?t +7 -t + tft>
2
2— > % 7 n ~
+( 4'U) ( t*_gt)_%(dt +tf,t_t;,t>+7—;i|

Minimize loss function by choosing {Y;S —0,, Thnts T fhts dythgs tﬁt,?t} ,

given {fft* — ef,ﬂ;f’tm}ﬁt,/t\;"%t,ff’t,c/l\f,?f}, subject to

S 2—v ~ ~ ~ R
Thht = 6|:Y;5_0t+2(dt+ﬁz,t_th,t)+th,t+7t:|+5Et7rhh,t+1
U * * UV %5 7 I ~
Tiht = 0 [Yt —0; — §(dt +itpy —?},t) +itpy +Tﬂ + BET fhv1
> Vo o~ U~ ~ 2—v ~ “~
Yi =Y = di — §df +q — 5( nt = tre) + (trr—the)

(8.348)

(8.349)

(8.350)

(8.351)



o Let wft,wg{t, wét to be lagrangian multipliers for equations (8.349)-(8.351). First

order conditions are:

~ ~ 2—w ~ v, A~ ~ ~
TRV N ) (Yt—Ht)—i(dt+?,;t—th7t)+rt} + 0wty — wg; =0
(8.352)
'U)\ A A
Thhit © 5 Thht = @1t +w@i;1=0 (8.353)
2—v)A
Tfht ' (%)th,t — w‘ﬁt + wg{t_l =0 (8.354)
~ v(2—-2v) ~ -~ 2—0)v [, v, ~ ~
dy : ( 1 )(dt +%\;kz,t —the) + 7( 1 ) [(Yt —01) - §(dt +?;z,t —tht) "’Tt}
(8.355)
2—vw v
~ v(2 —wv ~ 2—v)v [ = v~ ~ -
lhy ( )(dt + %\Z,t —tpe) — (4) [(Yt —0t) — §(dt + %\Z,t —tpe) T Tt}
(8.356)
v v
~ 2-v)~  2-v) v2-9)[ox o YV T e
fpo i gty — g — e [V = 00) = 5 (d; + e — B + 7]
(8.357)
2—v 2—wv
+0 5 w‘ét + Tw?’t =0
~ 2—wv 2—w ~ v~ - R
Ty ! 5 ) _( 5 ) (Y, —0,) — E(dt+?’;vt —tht) —|—Tt] —I—5w’14’t =0 (8.358)
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The Foreign loss function is:
(
%( Y 0*)2
2—
— 5 2 (dy +tft t34)
+3 [1m3 0+ B,
00 (2—) % 2 ~ 2
(PT): Lo =E Y _(B) T (tf,t> - (%) (8.359)
R G
2— v e ~«]?
~ O (T = 00) - 5(d; + Ty, 1) + 7]
_ ~ ~ 12
| 2 (V- 00 - i+ By~ B 47|
Q:a”hft?”fftvthtatfpd?’?:}

Minimize loss function by choosing {
— Qt,whht,wfh?t, dt,th,t,tf,t, Tt}, subject to

given {Y;
W}f’t - 5 I:}/t* — 0: + T(dt + tf,t — ?f,t) + ?}’t + 7'2(:| =+ ﬁEtﬂff,t+1 (8360)
fe o= 0| Vim0 — (4T, — )+ 7 :
Thit = t =0t — S(de+thy —thy) Fthy Tt + BETL 14 (8.361)
2—v ~

~
(the —t5e) +

N <

D N I
Yi—Y;*ngt—id:‘f‘Qt—

to be lagrangian multipliers for equations (8.360)-(8.362). First

Ax Ax
o Let wlt,w2t,w3t
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order conditions are:

U U 2—v U e N A~k * *
V0 07— 0r - OO [ -0 - STy - T + 7+ ol i = 0
(8.363)
A
Thpet 5T — P+ w1 = 0 (8.364)
th,t : Tﬂ'hf’t — 'WQAJ =+ w;t_l =0 (8365)
S 0(2-v) 5 o (2= [ 5% o V5 2 .
df « Sy A Ty = Tp) + o [0 = 00) = 500 + Ty = T7) + 7]
(8.366)
2—v 4, U 4,
—I—5wat - §w§‘7t =0
U(2_U) Tk n (2—’(})7.1 U * U n %
Bro s = by gy = Tp) — 2 [0 = 00) = 5(dr + 15, = T7) + 7]
(8.367)
+35 i + 5wiy =0
2—wv 2—wv v(2—wv ~ v~ ~ .
?ﬁti_( )?ﬁt_< )_ ( )[(Y;ﬁ_gt)_*(dt‘*‘?ﬁt_tht)‘i‘ﬁ}
) 2 ) 2 4 2 ) )
(8.368)
2—v 4, 2—-vw
+5Tw§1’t — Tw?; =0
~% (2 — U) (2 — 'U) U * * UV, % ~x *
T e (W -0 - (4 iy, — ) + 75| + 0wy =0 (8.369)
e Solution:

(8.355) and (8.356) imply @i, = 0.
(8.358) could be simplified as

(Vi = 00) = 5 (dr+ By —B) + 71 = —1 (8.370)

v
2
(8.352) and (8.355) could be simplified as

~ 2 —v) ~ ~ 2—w
Yt—Qtz—( 5 )(dt+?;‘l7t—th7t):—( 5 )+w§{t (8.371)

And wft = 0 implies 7pp = 0. Which means
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-~ 2—v ~ ~ ~ ~
Y, =0+ = (di + G —th) Fl +7e=0 (8.372)

The above three equations help to derive

(de+ 85, —thy) —Tt—1 = 0 (8.373)
the+7 = 0 (8.374)
o+, = 1 (8.375)
> (2-v) .
Vim0 = —S5 =G+ (8.376)
2 —
wiy = | 5 vz, (8.377)

Immediately, we find that if the flexible price equilibrium is replciated, 7 = —1. The

solutions of Foreign country is similar, together with equation (8.357), we have

~ v 2—v (2—v)..
bre = l+g+o—0—wi — 7 (8.378)
9 _
= 240 vwg{t (8.379)
Together with (8.350), we have
2—v A
ﬂ-fh,t = 5 5Tw2’t + 1 + BEthh7t+1
—
26 2—w 26
(2 . ,U))\(th - w2,t71) = 1) |:52 wét + 1:| + BEt <<2_U))\(YD2¢+1 — wzt))

Due to the existence of constant term, we find that wét # 0. In other word, flexible

price equilibrium cannot be achived under Nash game setting.
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