Appendix
This Appendix contains proofs of results stated in the main text, as well as auxiliary results.

A Proofs of Lemma 1 and Propositions 1 and 2

A.1 Proof of Proposition 1

Fix a continuation value function V* for agent 7, given by

2

Vi, 2) = u(2) + (o + BiZ) (2 — Z) — K (2 — 2)°. (40)
In equilibrium, agent ¢ achieves the value
sup B [V(zf +Y'(2),2) + Ti(2,Z2) | F'] . (41)

Fix reports 2/ = 2] for j # i. Substituting (40) into (41), the quantity inside the expectation
of (41) is

W(Z)+ (Bo+ BiZ) (i +Yi(E) - 2Z) — K (2 +Yi(2) - Z)°
+ Ko (n@(Z) + Z 2j> + rk1(Z) (2 + ka(2)) + Zi(oig (42)

We can write n . )
~ Z =1 ~ Z ~
Y Z(Z) = J — ' = 0 _ ZZ,

The terms in (42) that depend on 2* sum to

2
(B0 + 6:2) <—” ; 12) K (” ; 1) (26 = ) + ko (nka(Z) + Z — 2+ 21) + w1 (2) 2,

The first derivative of this expression with respect to 2 is

(Bo+ 5 2) (—HT_l) +2K (n — 1) (26 — 2") + 260 (ns2(Z) + Z — 2, + 2') + k1 (2).

n

The second derivative of (42) with respect to 2 is negative because K > 0 and kg < 0. It follows
the unique solution of this first order condition is the unique optimal report. Substituting 2*
with 2° = z! in the first derivative, and then equating the result to 0 implies that

33



0= o+ 412) (=20 ) + 2ralona(2) + )+ 2),

and thus, for any fixed k1, kg, we have that

—r1(Z) + (nT_l) (50 + 517)

2Kk01

HQ(Z) = —7+

(43)

is the unique r9(Z) such that agent i optimally reports 2* = zJ. This reporting strategy
therefore constitutes an ex-post equilibrium of the mechanism game. Because this applies to
all agents, we have

Thus, 2§ + Y(2) = Z, as desired.
For the special case in which

. —K(n-1)

)

n2
we can define Q =3, 2/ /n and calculate that

2
Ko (Z é’j> — K (z5+Y'((2,27") — 2)2 = ko(nQ)? + ko(2)? 4 2KenQ 2
J

n

—K(zé+Q—Z)2_K(n_1)2(2i)2

n—1

+2K———2 (24 Q — Z)
= ko(nQ) + ko5 — K (z+Q — 2’

n—1 z n—1. . _
- K 22 4 oK 5 (2 — 7).
< - ) (2)° + - z(zo )

It is thus clear from the first-order optimality condition that the optimal report does not depend
on Q. In this case, 2' = 2} is therefore a dominant strategy.

A.2 Proof of Proposition 2
Fix a continuation value as above, and let x1(Z) = By + 31 Z. We see that

7 Hl(Z>

2kon?’

KQ(Z) = —

(44)
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and thus the transfer to trader i is

ki (Z)

Ko <n/~€2(Z) + 223) + k1(2) (2" + ke (2)) +

_ r1(Z) ’ i - ri(Z), | Ki(Z)
_,.;0< Z Sran +Z) +r1(2) (25— Z 2rean? Tron?
2 2 2
K1(Z) iz k1(Z2) | Ki(2)
= Z —7)—
4kon? +r(2)(= ) 2kon?  4dron?

=r1(2) (2 — 2)
= (bo+512) (5= Z) -

From Proposition 1, agent i receives the post reallocation inventory Z in equilibrium. The
equilibrium utility of agent 7 is then simply

W(Z)+r1(2) (2= Z) = (Z) + (Bo+ B Z) (2 — Z) .

Comparing this with V¥(2}, Z), the result follows from the fact that K > 0.

For the uniqueness of k;(+), note that for IR to hold with probability 1, by continuity, it
must hold in the event that 2§ = Z for all 4. In this case, the change in utility for each trader is
just the transfer they receive. By the definition of the transfers, straightforward algebra shows
that for any vector of reports,

3

K1 (2)
4kon?

Y T2 =Y | ko (n@<z>+22f'> +m(2)(E +m(2)) +

——n (m (n@(Z) > ) - %)

Plugging in the ks of proposition 1 and 2' = 2, this equals

_n( V—_“O_M(ZMZO) (Bo + 5 Z) _;{20 |

which is nonnegative if and only if x,(Z) = By + 1 Z, completing the proof.
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A.3 Proof of Lemma 1

Because b # 0, the following are equivalent

d+2(a+bp+cz§):0

J#i
& —bn—Dp=d+(n—1a+cZ"
1 ,
- —Da+cZ).
= p b(n—l)(d+(n Ja+ cZ)

B A lemma and the Proof of Proposition 3

First, we prove a technical lemma that will be useful in all subsequent proofs.

Lemma 2. Let ¢ # 0 be an arbitrary constant, and let Z;, o2 be defined as in the text. Then,
for any t,

t . B 1 _ e—ct
E[ | e “Zds] = Z , (45)
0 c
and
t 2 —ct)\2 2 _—2ct ct 2ct
_ 1-— - 2ct — 4 3
E[(/ 6—csZ8d$) ]:#Zg_l_a_ge ( C 263 + e + ) (46)
0 c n C

If ¢ = 0, then the corresponding expectations equal the limits of these expressions, and in
particular
t 2 _ 0.2 t3
E[( / sts) | =222+ 2~ (47)
0

n2 3’

Proof: Fixing s, because E[(Z,)?] = Z2 + (c%/n?)s by assumption, we can apply Hélder’s
inequality to find that

B — B 2
Ele=*Z,]] < e=*+/E[(Z,)?] = e~/ Z2 + Z—gs.

It follows that, for any t,

t B t _ 0.2
/ Elle™*Z,|]ds < / e N 28 + Zsds < .
0 0 n

We may thus apply the Fubini-Tonelli theorem to write that

t B t B B t _1— e—ct
E[/ e “Zsds] = / Ele™*Z] ds = Zo/ e “ds = Z :
0 0 0

c

where we have used the fact that by definition of H;, E[Z,] = Zy. Henceforth, for brevity
we refer to this as the “Holder’s inequality and Fubini-Tonelli theorem argument.”
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Now, define W; = fot e~Z,ds. By Ito’s lemma,

t t s
VVE = 2/ Wee “Z.ds = 2/ / e Ze“Z, duds
0 0o Jo

By the Lévy property, E[Z,(Z, — Z,)] = 0. An application of the “Hélder’s inequality and
Fubini-Tonelli theorem argument” gives that

t s t s
E[/ / e‘csZse_C“Zududs]:/ / Ele™*Z,e " Z,])du ds
0o Jo o Jo
t s
:/ / Ele™“e™(Z, — Zy + Zy) Zy)du ds
Ot Os _
:/ / Ele™ e~ Z2|du ds
// TeseT e (Z2 )]duds

(1 —et)? 72, %2 O’Z 6_2Ct (2ct — 4et + e*t + 3)
N 2¢2 07 p2 4¢3 ’

Finally, starting at the penultimate line of the above system and plugging in ¢ = 0, we
arrive at

o 2 _ o t3
E[( /0 sts) | = Z3t* + —Zg (48)

Now, we are ready to prove proposition 3. The proof proceeds in 4 steps. First, we use
admissibility to restrict the possible set of linear equilibria. Second, we show that in any linear
equilibrium, the value function must take a specific linear-quadratic form. Third, we calculate
the unique value function and linear coefficients consistent with the Hamilton-Jacobi Bellman
(HJB) equation. Finally, we verify that the candidate value function and coefficients indeed
solve the Markov control problem. Throughout, we write simply V (2, Z) in place of V(z, Z).
As in the text, we let o7 = E[(H})?].

B.1 Admissibility

In this section, we show that if there were a linear equilibrium with ¢ > r/2, then one player
would be using an inadmissible strategy, meaning that the value achieved in the problem

-
V(z4, Zo) = sup E {z?w — / Y (25)2 + @ape) (Ds; Zs — 2P)) Dy ds (49)
De A 0

would be negative infinity or undefined. In order to see this, fix candidate demand coefficients
(a,b,c). Then each trader demands a flow D = a 4 bg + cz, so the market clearing price must
be _

_a+tcZ

=

37



Plugging this price back into agent demands, we can write
D=c(z—2).
It follows that if all agents follow this strategy, the inventory of agent ¢ at time ¢ is

t
2= 25+ C/o 2t — Z,ds+ H;. (50)

Applying Ito’s lemma for semimartingales to e~“z!, and multiplying both sides by e, one
can show?® that

t t
b= eyl — eth/ e Z ds + eCt/ e dH.. (51)
0 0

Because e~ is square integrable, the last term in the expression for 2! is a martingale, so
by lemma 2 we have that

—CS8

E[zt] = eCtza + Zo(l — eCt),

2

E[(2)] :E[(e%g e /0 t e 7, ds) ]+ e*E[( /O t e dH)?

= *(20)? + 2620 Zo(1 — ) + (1 — ") 25 +

oy (2ct — de + &> +3)
2 2c

t
+ ™ E[( / e “dH})’].
0

Applying ITto isometry for martingales, and recalling that [H', H'|; = o2t because H' is
square-integrable, we have

t A 2 t o2
(/ e_csdH;) = / e 20t ds = —(e7 " —1).
0 0 2c

; 2t — 4 ct 2ct 3 %
E[(Z:)2]—626t( )_|_2ect ZZO(]_ P )‘l‘(l e )Z2+ZZ( C 62:—6 + )+;_C

E

Thus

(e*'—1). (52)

Applying the independence of T, H} and Tonelli’s theorem, we have

E[/ ds} / / dsdt</ / e "5(2h) }dsdt

From (52), we see that this quantity is finite if and only if 2¢ < r. In this case, it is straight-

29This is exactly the derivation of the solution of the Ornstein-Uhlenbeck process.
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forward to show that the quantity in (49) is finite, with

D:c(z—Z).

B.2 Value function in a linear quadratic equilibrium

Fix demand coefficients (a, b, ¢) such that ¢ < r/2 and b # 0. Agent ¢ demands assets at the
rate Dy = a + by + ¢z}, so the market clearing price must be

_CL‘I‘CZt

o = T

Plugging this price back into the demand function of agent i, we can write D; = (2 — Z;).
Because all traders follow this strategy, the inventory of agent ¢ at time ¢ is

t
i c/ (i — Z)) ds + HI. (53)
0

Keeping the coefficients (a, b, ¢) fixed, we will now prove that in any symmetric affine equi-
librium, the value function

.
V(2 Zy) = sup E [z?w — / ~y (st)2 + Qo) (Ds; Zs — 22)) Dy ds (54)
Dec At 0

takes the form ' B B B
V(z,2) = ay + a1z + anZ + azz® + auZ* + as2 7,

where

g = —
P —2¢

1 2
045:7?_6(3—20[30)

1 c?
a4—;(_—b—ca5)

1 ac
ozl—r_c(rv—i-?)

1 ca
ag = —(— —coy)

r —b
i 1 2 % P’
g = —(a30; + ay—3 +a5n)
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Given the « coefficients, we have

T (aé + o1z + QQZ + a3z2 + a4Z2 + a5z2)

o ¢ _a+cZ
= rvz — 2> +a4—§ + azo? +a5p— —c(z—2)
n n —b

+c(z — Z)(ay + 2032 + as2)
Let Y; = 1y7< and V/(z, Z) be defined as above. Let

z
X == Zt
Y

and U(X) =U(2,2,Y)=(1-=Y)V(2,Z) + Yvz. Then, by Ito’s lemma for semimartingales,
for any ¢, we have

t t

U(X,) — U(Xo) = / (1= Yo Vil Zo )+ Ve vdei + / (= Yo Vel 2, )dZ, (55)

. / YV : / =Y Vs diZ, 7 (56)
4 /0 (=YWl ) dl, 2 (57)
+ ) UX,) = UX ) = [(1 = Y )Valzl, Z,) + Y 0] Az (58)
-3 (Y )Valel, Z,)AZ,, (59)

where we have used the fact that

Yoo 0 ..
| gyl Y)dYe= ) SnUGE Yo )AY,

and the fact that [z*, Y] =[Z,Y]*=[Y,Y]* = 0.
Now, we note that

o n n?

. . . AZS AZS 2 ZS_AZS
V(ng Zs) - V(ZZ Zs—) = O(lAZ; + Qo + oy ( - ) + 2014

, , , AZ
+ as(AzL)? + 2032 A2+ asz!
n

AZ;

+ asZs Az + as Az
n

while

. AZ, . _
Vo(2i, Zo)ANZy = — (o + a5zl + 204Z,_)

—
s n
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V(2 Z)AZ = A2 (al + a2, + 20@,22_) )
Thus, the total contribution to the sum in (55) from jumps in z! or Z, is given by

2
1-v) <a4 (AZS) +as(Az) + as%mi)

n

because the term —Y,_vAz! is cancelled by the same term in U(X,) — U(X,_).
We note that jumps in 2% arise from jumps in H?. We can thus write the sum as

S AY, (v~ V(E, Z,0))

0<s<t

AZN\? . AZ,
+(1-Y,) <a4 ( ) +a3(AH;)2+oz5 - 8) )

n

Finally, we note that

t .
/ V. (zi_,
0+

o+ asZs + 2037 ) dz!

s

||
N

o= [
/ a1+ asZe_ + 2032 ) (c(z; — Zs)) ds
0+

+ / (o +asZ,_ + 2032 )dH.
0+

We let

o - ‘ o2 i
Xs = ¢z — Zs) (a1 + a5 Zs— + 2032, ) + a4n—§ + azo? + a5%

+ r(vzi - V(zé, Zs)).
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Plugging in V; = 2a4/n?, V., = 2as, V.z = as/n, and evaluating (55) at t = T, we can write

-
UCxr) - U) = [ xads (60)
0+
T — . .
+ / (o + asZs— + 2032, ) dH: (61)
0+
71 . _
+ / — (a2 + a5zl + 2042, ) dZ, (62)
o+ M
ta | —o?T 4 / a5 (AR (63)
0+
Qg 2 4 2
+— —UZT+/ d|Z, Z]; + Z (AZ;) (64)
n 0+ 0<s<T
(073 ; T . .
+ =2 =T+ / dZ HS+ Y (AZAHY) (65)
n 0+ 0<s<T
T . .
+ (v2l_ = V(zi_,Z,")) (dY, —rds), (66)
0
where we have replaced replaced Y, = 0 for s < T, by definition. Also, we have used

the fact that [2%, 2] = [H?, H|® and [2%, Z]¢ = [H*, Z]¢, since 2' is the sum of H} and a finite
variation process, where finite variation processes are quadratic pure jump semimartingales

(Protter (2004)).

For any deterministic 7T, it is well known from the theory of Lévy processes that

B[ —o?T + [H, H)5+ > (AH;)2>]

0<s<T

E[<—a§fr+ 2, Z)5+ ) (AZ,)

0<s<T

:E[<_pi7+/T diZ, H:+ ) (AZAH)

+ 0<s<T
=0,

)

)

and since 7 is independent of Z, H', we may apply law of iterated expectations (conditioning

on T) to show these are still zero for exponentially distributed 7.

Now, we let G be the sigma algebra generated by the path of {H}, Z;}°,, which is inde-
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pendent of T by assumption. Then

gioH

r T
=E |E [—r/ w2l =V (2, Z! )] ds + vzl — V(2 ZL)
0

el Mozt V(L Z) (v, as) ~E | [ ozt V(L Z) Y, — rds)

=E :—r /000 re”" (/Ot[vzi_ ~V(z_, 7)) ds) dt}
B { /0 et (vsi = V(4 Z0) dt]

=E {—7’ /000 (v2l_ = V(2i_, Z!)) /OO re " dt ds]
‘E { /O ) dt]

=E [— /000 (vel =V (2, ZI_))re™™ ds]

‘E { / re (v — V(24 20) dt] o,
0

o]

where the fourth equality is a change of order of integration from [ f(f dsdtto [° [ dtds.
Finally, we have already shown that E[(2%)?], E[(2})], E[(Z,)?], E[(Z,)] are all integrable (i.e.,

L') processes. It then follows from Hélder’s inequality that E[2{Z,] is also integrable. Then
(a1 + asZ, + 2a32) and (ag + a5zl + 2a4Z8) are square integrable processes, so for fixed T,

-
E[/ (a1 + asZs + 232" ) dH]]
0+

T
1 . _
= E[/ — (062 + 05522_ + 20(423_) dZS] = 0,
0

+ N

since H*, Z are martingales. Applying law of iterated expectations conditioning on 7, the same
is true by independence when T is exponentially distributed. We have thus shown that taking
an expectation in equation (60) reduces to

-
BU(Xr) ~ UCX)] = Bl [ xdl (67)
0+
Because of through aj satisfy the system of equations specified at the beginning of this
proof, we have

T a Ci .
BUCr) U0t = | [ e - 202 apPas).

J’_
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Note that, by definition, E[U(X7)] = E[vzy] = E[r2}], and E[U(X)] = U(Xo) = V (2, Z).
We can thus rearrange to find that

<

S

I

=

3

N
ﬂ&
_l’_

which completes the proof.

B.3 Solving the HJB equation

For conjectured demand function coefficients a, b, ¢, the HJB equation is

2 2 .
"V (2, Z) = —2* + vz + %sz(z, Z) + %sz(z, Z)+ p'Voy(2, 2)

+sup =P p.0)(D; Z — 2)D + V.(2,2)D.
D

Plugging in
-1

b(n—1)

from Lemma 1 and taking a derivative with respect to D, we have

Pape)(D; Z — 2) = D+ (n—1)a+c(Z —2)]

b(n— 1) 2D+ (n—1Da+c(Z —2)+V.(2,2) =0,

D= —%[(n CDa+e(Z —2)+b(n—1)Vi(z ).

From the above, in any linear equilibrium, it must be that V.(z,Z) = a; + asZ + 2a3z.
Then

D= —%[(n CateZ—2) +b(n—1) (a1 +asZ + 2a32)) (68)

where the second-order condition is satisfied if and only if b < 0. If agent ¢ is to find the
prescribed linear strategy optimal, then D must take the form D = a + b¢ + cz. Further, the
market clearing price must be -

a+cZ

—b

1 . VA
(rv —2a3cZ — ¢ (a e )) : (69)
r—c —b

Recall from the above that

(65} —|—Oé5Z =
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Using
7 n—bqb —a

we have

a+ asZ = (rv —2a3(—bp — a) — co)

r—=cC

D= —%[(n —Da+n(—bp —a) — cz+b(n—1) (1 + asZ + 2032)].

So, matching coefficients from D, we require that

1
c= 5[0 —2b(n — 1)ag]

1
b= —5[—nb + b(n — 1)[7’ — (2a3b — ¢)]]
1
a= —5[(71 —1a—na+b(n—1)——(rv + 2aza)].
Cleaning up and rearranging terms,
c=—2b(n—1)as (70)
(n—2)(r—c)=2(n—1)asgb—c(n—1). (71)
Combining (70, 71), we see from (71) that
—(n—2
= (n )T. (72)
2
Recalling from the above that
S
T r—2c r(n—1)
we have
—(n —2)r?
h—
4y
Turning to the equation for a, we use the fact that
1 _2
r—c nr
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to obtain

Plugging these in, we see that

Then returning to a; + asZ, we see that

)
(e () ()

o +a5Z =

NI
|
VR
|
=
BT
[\
S~—
=
~~
VR
e
|
)
< |5
NI
~~
~~

2 (v y(n—2) -
_%< 5 (n_l)Z—(n—2)7Z>
:v—?zjtr(fi 1)2.

This must hold for any Z realization, so oy = v and

2y 2y
- +r(n—1)’
Combining this with # = —v from above, we have
— (S —) =Sw-v =0 (73)
042—T b o%1 —Tv v) = 0.

Since ¢/b = 2v/r, we see that

c 27y

p T r(n—1)

SO
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Finally, plugging in formulas,

) 1 0.2 (4
ap = — (a303+a4—§+a5p—)
r n n
¥ 1, n—20% 1 o'
= (= . 2Z 49 _Z
7’2( n—lgl+n—1n2+ (n—l )n
2 2 i i
Yoy v 07 . 2 P 2yp
= — —= +o0;—2— | — = 0.
r’n?  ri(n—1) <n2 T n) r’n

Putting this together, we see the unique value function and demand coefficients satisfying
the HJB are given by the constants a, b, ¢, af, &y — a5 shown above. Rearranging slightly,

V(2,2) = ah+ a1z + aoZ +azz* + au 2 + a5z Z

V(2,Z) = ab) + anz + aoZ + as?® + anZ® + a2 +vZ —vZ + L 7% — 172
r T

N 2y 5 > gl =2

=0, +vl— 7 ~22)(2=-2) - ——(2-2)".

+v . +<v . )(z ) r(n—l)(z )

B.4 Finishing the verification of optimality

We have shown that in a linear equilibrium, value functions are quadratic and in particular
must be twice continuously differentiable. The HJB equation of the previous subsection is thus
a necessary condition. Moreover, there is a unique candidate linear equilibrium which satisfies
this HJB equation. We have therefore shown that if each player follows the proposed linear
strategy, the agents indeed get their candidate value functions as their continuation values. It
remains to show that each agent prefers this to any other strategy.

We adopt the notation of Section (B.2). We fix the demand-function coefficients a, b, ¢ of
the previous subsection, and the corresponding constants ofy, oy — 5 for some agent 7. Fix an
admissible demand rate process D?, so that the inventory of agent i at time ¢ is

t
WD i / Dids + H, (74)
0

and the agent’s expected inventory costs are finite. Following the same steps taken in Section
(B.2), we can show that

2 %

.
E[U(X7) - U(Xy)] = E[/ (o + asZ + 2032°)DE + a42—§ + a3’ + a5% +rz? =V (2P, Z,)] ds].
0

s

Because the function (2, 7) = V(2,2) = o + anz + o Z + a3z? + auZ? + as27 satisfies
the HJB equation,
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2 )
(1 + a5 Z, + 20522 ) D + w2 + a30? + a5 4 ruzl — V(2P Z,)]
n n

S (I)(a,b,c)(Di; Zs - Z?)D; + 7(25)2

Thus
T .
E[U(X7) - U(Xo)] < E| / OP D 4 ~(=P)2ds]
0
Applying the steps of Section (B.2), it follows that
V(z5, Zo) 2 E {/ —®P DL — y(2P)2ds + 22| .
0

From the analysis of Section (B.2), this inequality is an equality for the proposed linear strategy

D' = c(z — Z). Tt follows this linear strategy is optimal.

C Proof of Proposition 4

The proof proceeds in five steps. First, we use admissibility and the truthtelling property
to restrict the possible set of equilibria. Second, we show that in any equilibrium, the value
function must take a specific linear-quadratic form. Third, we use individual rationality to
restrict the possible mechanism-transfer coefficients, and characterize the optimal mechanism
reports in the equilibrium. Fourth, we calculate the unique value function and linear coefficients
consistent with the HJB equation. Finally, we verify that the candidate value function and these
coefficients indeed solve the Markov control problem. Throughout, we write V(z, Z) in place

of Vi(z, 7).

C.1 Efficient allocations and admissibility

Fix a symmetric equilibrium (a, b, ¢). First, recall that in a symmetric equilibrium, the market
clearing price ¢, satisfies na + nbo; + c¢Z; = 0, which implies that

_a—i—th

¢t _b ’

and thus a + bg; + ¢zl = c(2f — Z;). In equilibrium each trader reports 2/ = 27, so in
equilibrium, the post-mechanism allocation of agent ¢ is

>, 4
n
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The inventory of agent ¢ at time ¢ is

t t
Gt / (i 2.) ds+ Hi — / (i — Z,)dN.. (75)
0 0

As in the proof of Proposition 3,

t t t
e 2l = 2 — c/ e “Z,ds —|—/ e “dH! — / e (2. — Z,) dN;.
0 0 0

Letting T} denote the minimum of 7 and the first jump time of /N, we note that
—E {/ (28)? ds] < —E [/ (2%)? ds] :
0 0

t ¢
2l = ezl — cef / e “Zsds+ eCt/ e “dH;.
0 0

For t <17,

So, by lemma 2 and the steps used in the proof of Proposition 3, we know that E [ 0T1 (22)* ds]

is finite if and only if 2¢c < r+ A. This is true regardless of z. By a straightforward application
of monotone convergence, as long as 2¢ < r + A, this implies that

E UOT(z;')ws] -0 [JH& /OTn(z;')ws] = lim E {/OTn(zi)2ds] < .

C.2 Linear-quadratic value function

Fix a symmetric equilibrium C = (a,b,c). As above, the market clearing price ¢, satisfies
na + nb¢y + ¢Z; = 0, which implies that

a ‘l‘ CZ_t
b ’

G =

and thus a + b, + czi = (2l — Zy).
Recall that the transfers are given by

K1 (Z1)
Akgn?

(nlﬁg Zy) + Z%) + K1 Zt)(zt + ka(Zy)) +

Plugging in the formulas for 27 = 27, we see that for any affine k1, ko functions, this takes
the form

Ro + Rth —+ RQZE -+ RthZZ -+ R4Z§,

for constants Ry through R, that depend on kg, K1, Ko.
We are now ready to show that, in any linear-quadratic symmetric equilibrium, the value
function
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V(:2) =E {szr -/ (A el - 2) ( - ZZS) i+ | " 1ie. 2) dNS]

takes the form ' B B B
V(z,2) = ahy+ a1z + anZ + sz’ + auZ? + as2 7,

where

o :_77
ST rHN—2c
—#(0—2—2 + AnR3)
a5_r+)\—c b Ase T ANAS
1, c 2
oy = ;(_—b (A= c)as + Aaz + An“Ry)
1 ac
a1 = m(rv + ? + )\R4)
1
agz;(i—i (A —c)ag + AnRy)
i1 2 & P
ap = —(a307 + =5 + as— + ARy),
r n n

and where Ry through R, are the previously defined transfer coefficients. Given the « coeffi-
cients, we have

(r+A) (af + oz + Z + a32” + uZ” + az22)

2 i 7
o —a+cZ
:TUZ—’}/22+OK4—§+OK30'Z-2+OK5P——C(Z—Z) +
n n —b

+c(z — Z2) (a1 + 2032 + asZ) + MNah + a1 Z + aaZ + a3 Z*
+auZ? + asZ? + Ry + RiZ + Ry Z* + R3Zz + Ryz).

Let Y; = 1{7<y and V(z, Z) be defined as above. Let
%
X == Zt
Y;

and U(X) =U(z,2,Y) = (1 =Y)V(2,Z) + Yvz. Then, by Ito’s lemma for semimartingales,
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for any ¢, we have

t
U(X;) — U(Xo) :/ V(2L ,Zs_)+Ys_vdz;'+/ (1 =Y, )Vy(z_, Z, ) dZ,
0+
]' i AT 1 ! ) c
5 (1 - Y )V;z(z —) d[Z )y < ]s + 5/ (1 - }/;—>VZZ(ZS—) d[Zu Z]s
0+

+/0+(1 — Y, )WVoz (2l ) d2', Z)¢

£ 3T UK~ VX, ) = (L= Y Valel, Z) + Yoo

0<s<t

— Y (A=Y )Vi(eh  Z)AZ,

0<s<t
where we have used the fact that

Lo

0.

and the fact that [2",Y]* = [Z, Y] =[V,Y]* = 0.
Now, we note that

Y
S n2

' ' A AZ\* Z, AZ,
V(sz Zs) - V(ZZ_ Zs_) = O(lAZ; + Qo n + Qy ( - ) + 20y
AZ

+ as(AzH)? + 2032 A2+ asz!
AZ,

s— $9

while
_ AZ

V(2 Z_)AZ,

s—)

(ag + a5z§_ + 2a4ZS_)

V(2 Zo )AZ = ALl (al + a2, + 20@,22_) )

Thus, the total contribution to the sum in (76) from jumps in z! or Z, is given by

AZN\? . AZ
(1-Y,) <a4 ( ) + az(AZ)? + s - Az;)

n

because the term —Y,_vAz! is cancelled by the same term in U(X,) — U(X,_).

(76)
(77)

(78)

(79)

(80)

We note that jumps in 2% arise from jumps in both H* and N. By independence, ANAH® =
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ANAZ = 0 with probability 1. In summary, we can write the sum as

DAY, vzl = V(2. Z,)

0<s<t

2
s . . _ AZ, .
+(1-Y,) <a4 (AnZ ) +as(AHD* + asAN,(z1 . — Z,)* + as " AH;) .

It will be convenient to write

Z (1-Y) (asAN (2l — Z,_)?) = /0 (1—-Y, )as(z:_ — Z,_)*dN,

0<s<t

t t
= / (1—-Y,Das(z._ — Z,_)* (AN, — \ds) + / (1—-Y, ) as(zt — Z,_)*ds.
0 0

Finally, we note that

t t
/ V(s Z, )dei = / (1 + asZs + 2052 ) d2
0+ 0

— /0 (a1 + asZs— +2032. ) ((c = N)(2 — Zy)) ds

t
+ / (Oél + OK5ZS_ + 2&32§_) dH;
0+

t
+ / (o +asZ,_ + 2032t )(Z, — 2t ) d(N, — \ds).
0+

We let

o ~ ' o2 ;
Xs = (2o — Zs) (a1 + a5 Zs— + 2032, ) + a4n—§ + azol + a5%

— Mzt = Z) (g +asZs +az(2h + Z,0)) +r(vet = V(2 Z,)).
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Plugging in V; = 2a4/n?, V., = 2as, V.z = as/n, and evaluating (76) at t = T, we can write

:
U(Xr) — U(Xo) = / Yo ds

0+

s
+/ (o + a5 Z,_ + 2032 ) dH
0+

-
+ / (o +asZ,_ +2a32. ) (Z, — 21) d(Ns — \ds)
0

_l’_
T . _ 71 . _
+/ as(zt — Z,)* (dN, — \ds) + / — (2 + a5zl + 2047, dZ,
0 o+ 1
T . . .
+as | =0T + / dH'  H'S+ > (AHL)?
0+ 0<s<T

—o2T + / " dZ. 25+ Y (AZS)2>

+ 0<s<T

+ 0<s<T

o T
4+ &5 <_p2‘7+/ d[Z, H'® + Z (AZSAH§)>
(Uzé_ - V(zi_, Zs_)) (dYs —rds),

where we have replaced Y,_ = 0 for s < T, by definition. Since H*, Z are finite-variance
processes, we can now apply arguments similar to those used in the proof of Proposition 3 to
show that

T

BV - U] =B | [ x.ds].

+

Because aq through as satisfy the system of equations specified at the beginning of this proof,
we have

.
E[U(X7) — U(X0)] = E [ [ x ds] ,
0+
where
To = el — 2082 () A\(Ro+ BiZs + RoZ? + RyZ.2' + Ruzt).

—b

Using the definitions of U, T, and Ry through Ry, as well as the fact that E[vz}]| = E[rz],
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we can rearrange to find that

r T
V (2, Zo) = E |7zt +

J.

. T . —_
=E |77 +/ —c(zy — Zs)
0

J

S (22 AT (2, Z) ds]

=E |m2 +

7 T
7 s —7(zi)2ds+/ T (s, Z) st},
- 0

which completes the proof.

C.3 The Mechanism

Fix a symmetric equilibrium. Recall the mechanism transfers are given by

H%(Zt)

4H0n2 .

(nlﬁg (Zy) + Z%) + K1 Zt)(zt + k2(Zy)) +

For the purpose of this proof, we will treat ki, ko as arbitrary affine functions, and show the
K1, ko of the proposition are the unique functions consistent with equilibrium. From the above,
this transfer function with the conjectured reports leads to a linear quadratic equilibrium value
function V'(z, Z). Thus, maximizing V' (z + y, Z) with respect to y is equivalent to maximizing
ar(2' +y) + as(2' +y)* + asZ(2 +y),
which in turn is equivalent to maximizing

(o + asZ + 232"y + asy®.

Then, when trader ¢ chooses a report Z, it must be that this maximizes

(a1 +asZ + 232" )Y'((2,27)) + asY'((2,27")* + TL((2,277), 2).
Taking a first order condition,
n—1 - o 2(n—1)as

(Oél + Oé5Z + 20(322) —
n n

Y'((2,279) + k1(2) + 250 (n@(Z) +Z 4+ Zz”) =0

JFi

Plugging in 3/ = 2} and the function Y, we have

1 . : —1a —1):  Z-
(Oél + Oé5Z + 20(322) n ( n : )

n

n —

+ K1(Z) + 2ko (nka(2) + 2 = 2"+ Z) =

o4



The second order condition is satisfied since kg, a3 < 0. Since ky is affine, write Ko(Z) =
a+ bZ. The report Z = 2* satisfies this first order condition if

-1 ~ om — 1 ) A
_n (o + asZ) — MZ—FFM(Z)—FZ‘% (nd+an_|_Z> —0.
n

With this, _

b —r1(Z) + " (on + (a5 + 205) 2

(n&‘l‘an—I—Z): Kl( ) n (al (Oé5 043) )

2%0
SO

—k1(Z) + =2 (aq + (a5 + 203)Z)
2KoMn

ko(Z)=a+b7 = -7 +

implying an equilibrium change in utility of

(—r1(Z) + 2 on + (a5 + 2a3) 2))?
4%0
+ (k1(Z) — oy — a5 2)2" + (o + a5 2) Z — as(2*)* + as 22,

—Kl(Z) + "T_l(al + (Oé5 + 2043)2) X KJ%(Z)
4n2kg

+ Hl(Z) <—Z + 2H0n

This change in utility must be weakly positive for any z and Z. If all traders have z = Z, then
we need that

(=#1(Z) + 27 (a1 + (a5 + 203) Z))?
4/{0 + Hl(Z) <

((—m(Z)MT—l(al+<a5+2a3>2>>+ 51(2) )
2\/—ko 2n+/—kKo

which implies that k1(Z) = a1 + (a5 + 2a3)Z. Plugging this in, we see that

—r1(Z) + " an + (a5 + 2043)2)) n K1 (Z)

2K0n 4n?ky

> (),

k1(Z) + =L (oq + (a5 + 2a3)2)
2H0n

:ZZ-_Z_OQ—'—(O%—FQO@)Z‘

G4+ b+ = — 4+ —

2Kkon?

So, we see that nwy(Z) + 32,2 = —(a1 + (a5 + 2a3)Z)/(2ken), and thus the equilibrium
transfer to trader ¢ is

(Oél -+ (Oé5 + 20&3)Z>2
4n?Kg

+ (a1 + (a5 + 2@3)2) <ZZ —7Z - (on # (o5 + 2a3)2>) + (o + (a5 + 2&3)2)2

2kon? 4n?k

= (o1 + (a5 4+ 203)2) (2 = Z) + (01 + (a5 +205)2)* (a1 + (a5 +203)Z)? n (a1 + (a5 + 203) Z)?

= (al + (Oé5 + 20(3)2) (Zl — Z) .

4n2kg 2Kon2 4An2kyg
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It follows that the equilibrium change in utility for trader ¢ from the mechanism is

(a1 + (a5 +2a3)Z) (zl — Z) + (g + a5 2)(Z — 2") + as3(2)? — as(2")?
= 20322 — a3(Z)* — as(2')?

= —a3(z' — 2)* >0,

where the final inequality relies on the fact that as is negative in an equilibrium, from the
previous section. Putting this together, as long as k1(Z) = a1 + (o + (a5 + 2a3)Z)Z and
ko(Z) = a+ bZ are given as above, then in equilibrium all traders will find the mechanism
ex-post individually rational each time it is run, and their strategy 2° = 2 is ex-post optimal.
This is true only if k1 (Z) and k2(Z) take this form.

Finally, since the equilibrium transfers are (a; + (a5 + 2a3)2) (' — Z), we see that the
coefficients R,,, in

Ro + Rth —+ RQZE -+ RthZZ -+ R4ZZ,

are given by

Ry=0
Ry = -2
n
2
R2:—a5;:2 @
R3:a5+2a3
n
Ry =
Recall from the previous section that
=V
r+A—2c
L@ net AnRy)
a5 =————(— —2azc+ A\n
T rtr—c'b s s
1 ac
= — — + AR
(6%} ’/"—}—)\—C(TU_'_ b + 4),

so, plugging in R3, R4, and rearranging,
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7

a3:7’+)\—2c
! (C2 203 + 2\as)
Qs = — — 2aicC «
A A 3 3
1 ac
041:71_0(7’1)4‘?).

C.4 Solving the HJB Equation

From the above, the value function takes the form

V(Ziv Z) = 046 + a2+ ayZ + Oég(Zi)2 + o 2% + oz5ziZ.
The associated HJB equation is

2 2 )
0= —9(Z) 10 = V(,2)) + TVial2, 2) + T2V, 2) + 22 Vo (4, 2)

80D B0 (D Z — VD + V(2 2)D + N (V4 YH((E,27),2) — V(= 2) + TH(E, 27, 2)).

D,z

From the previous subsection, we know that fixing the equilibrium reports 27 of the other
traders, the report 2 = 2% achieves the supremum in the HJB equation for any D, as long as

o 205)Z
ko) = a4 bz = —7 - (T 0a T 207

Since V. = ayq + 2a32' + a5Z, following steps that are identical to those of the proof of
Proposition 3, and as long as b < 0, the unique demand that achieves the maximum in the HJB
equation is

D= —%[(n —1a+n(—bp —a) — cz' + b(n — 1) (a1 + 2a32" + a5 2)].

Plugging in Z = n(—b¢ — a)/c,

P _%[(n —Da+n(=bp —a) —cz' +b(n—1) (041 + 2a32" + a5y)].

Recall from the previous section that, after plugging in equilibrium transfers,

57



o —Y
Q3 —

r+A—2c

! (C2 203 + 2\as)
a5 = — — 2a3¢C «Q
A A 3 3

1 ac
Oél—r_c(’/’v—i‘?).

Then, matching coefficients in the expression for D, we have
1
c= —5[—0 +2b(n — 1)as)

b —%[—nb Fbn—1) ( 2asb — ¢ — )\2a3§])

r—=c¢

(rv + 2)\a3(%a) + 2a3a)].

1
a=—glratbln—1)—

This implies that
c=—-2b(n—1)ag
(r—c)(n—2)= [QOng(n —1)—cn—-1)— )\2@32(71 - 1)}

r(n—2)=—2c+ A

.o A—r(n—2)
2
Qa3 7
r(n—1)
- rA—r3(n—2)
— 7

From this, we see that b is strictly negative, satisfying the second order condition, if and
only if A < r(n —2).
Next, we have

1 a
¢=_— (—b(n — 1)rv + 2Xasb(n — l)g — 2aizab(n — 1))
= i . (=b(n — 1)rv+ —Aa + ca)
2 rA —r(n —2) —A—r(n—2)
_rn—)\<_ T (n—1Drv+a 5 )
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Noting that

A+7r(n—2) 2r(n—1)
AL S VA [ S A
rn— A * m— N\
we see that
(rA—7r%(n—2))v
a = — .
4y
From this, we see that a = —vb and ¢ = 2vb/r so
Z, 27 5
by = a-l—[C) t:U__’YZt
— r
and
1 a
ap = T_C(’I“'U‘FF)
" (rv— o)
= TV —vc) = v
r—c
Likewise,
1
a5 + 20&3 = (— — 20&30 + 2)\0&3) + 20&3
r—c' b
1 2
= (—70 + 2a3(r — ¢) — 2a3¢ + 2Ma3)
r—cr
1 2y
r—c(rc+ as(r + c))
1 2y —2
= (Tem2y =2
r—cr
It follows that
-2 -2 2
ar — —7 — 20&3 = v + v .
r T r(n—1)

Plugging in a4, a5, a3 into the equilibrium xy(Z), we see that

Z o+ (Oé5 + 20(3)Z

H2(Z) =7 2H0n2
u-ng
H2(Z) == 2/<;0n2 ’

and likewise

2

ki(Z) = a1 + (a5 +203) 2 = v — 72.
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Recalling that Ry = —ay/n and ay = v, the formula for as is

Recalling that

the formula for oy is

Qg

1
ay = ;(% + (A —c)ag + A\nRy)

= 1(cv + (A —c)v—Aay) =0.

r
Ry = 0 + 2a3 _ 2_77
n? rn?
1,2 9
;(_—b + ()\ - C)Ozg, + )\ag + An Rg)
1 -2y

;(Tc + (A —)as + Aag — Ao + 2a3))

(

((2¢ = A —r)ag + ras)

Tyc — c(as + 203) + (2¢ — Nas)

1
,
1
r
1 g ):vm—%
T

(7_(71—1) r(n—1)

Finally, since Ry = 0, the formula for o is

and since a; — aj are exactly the same as in proposition 3, of, = 6; from the statement of
proposition 3. It follows the value function is the same as that of proposition 3.

2 U% I
(OégO’Z- + Oé4ﬁ + Oé5g + )\Ro)

2 7

o
(0430'2-2 + 044—2 + Oé5p—),
n n

T
Qgy =

Sl 3=

C.5 Completing the Verification

We have shown that in a symmetric equilibrium, value functions are linear-quadratic and in
particular must be twice continuously differentiable. The HJB of the previous subsection is
thus a necessary condition, and there is a unique candidate linear-quadratic equilibrium which
satisfies it. We have shown that if each player follows their linear strategy, they indeed get their
candidate value function as a continuation value. It remains to show that each player prefers
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this to any other strategy.

We take the notation of Section C.2. Fix the a, b, ¢, kg, k1(Z), k2(Z) of the previous subsec-
tion, and the corresponding constants o}y, a; — s for some player i. We fix some admissible
demand process D, and report process Z, by which the inventory of trader i at time ¢ is

t

~ . t - y 3
Z§sz):zé+/0 D;ds+H;+/0 Y*'((2, 2.")dNs. (81)

Following the steps of the derivation of the value function, we can show that under the laws
of motion implied by D?, Z,

)

E[U(X7) — U(Xo)] D (o1 + asZe_ + 203277 + a4— +azo? + a5%

SNG ((zs, SN (0n 4 a5 Zs + 203227 + asY (5, 27))) + r(vzPF =V (2P2, Z,))ds].

s

Since ay — a5 satisfy the HJB, and using the fact that

el [ "N (), 2 o -e|[ "1,z any)

we have

E[U(Xy) - <E| / Di®(aey(Ds Z — 2P%) 4 A(2P%)ds

Rearranging, this is

V(2 Zo) > 7rzT / — D40 (D Zg — 207) — y(207)ds

+ / Ti((2,57), Z2)dN,).

Since this holds with equality for the conjectured linear strategy, the linear strategy is
optimal.

D Proof of Proposition 5
The proof proceeds in 6 steps. First, we show that transfers take a particular quadratic form in

any equilibrium. Second, we show that r + A — 2¢ > 0 in any equilibrium. (If not, some trader
is using an inadmissible or suboptimal strategy.) Third, we show that, given the quadratic
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form of the transfer function, the value function in any equilibrium must take a particular
linear-quadratic form. Fourth, we characterize the optimal mechanism reports and correspond-
ing equilibrium transfers, and characterize equilibrium individual rationality (IR). Fifth, we
explicitly solve for the coefficients of the value function and for the strategies that attain the
maxima in the HJB equation. Finally, we show that for these candidate optimal strategies,
every trader receives an inferior payoff if using any alternative strategy.

D.1 Equilibrium Transfers

We fix a symmetric equilibrium C = (a,b,c). First, we recall that in a symmetric linear-
quadratic equilibrium, the market clearing price process ¢ must satisfy

na -+ nb@ + CZt = O,

which implies that

CL+CZt

¢t = _b ’

and a + bo; + ¢zt = c(2i — 7).

Recall that the transfers are given by

T@mﬁ=n0<ﬂwww+§:?) +p (- 0(p) + —— (82)
j=1

dron?’

where ¢ is an affine function. In equilibrium, ¢, is affine in Z;, and everyone reports 27 = 27.
It is straightforward to show then that in any symmetric equilibrium, the transfers are of the
form
Ro+ R\ Z; + RoZF + R3Z2! + Ryz!

for constants Ry through R4 that depend on 9§, kg, and the equilibrium coefficients (a, b, ).

D.2 Admissibility

Fix a symmetric equilibrium C = (a, b, ¢). The inventory of trader i is
2y =2+ c/ 2zt — Zsds+ H{ — / (2 — Zs_)dNs. (83)
0 0

Since, for fixed ¢, this is identical to the same inventory evolution in proposition 4 (section
C.1), the exact same proof can be used to show that

is finite if and only if 2¢ < r + A.
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D.3 The value function

We claim that in any linear-quadratic symmetric equilibrium, the value function

V(:2)—E [szr -/ () — el — 2) ( - ng) i+ | " P eon) dNS]

takes the form ' B B B
V(z,2) = ah+ a1z + anZ + sz’ + auZ? + as2 7,

where
o :_77
ST rEA—2
—#(0—2—2 + AnRj3)

a5_7’+)\—c b s i
1,¢ )

ay = ;(_—b (A= c)as + Aaz + An“Ry)

1 ac

a1 = m(rv + ? + )\R4)
1

agz;(i—i (A —c)ag + AnRy)

i1 2 U% P’

oy = —(0430'2- —|—Oé4—2 + as5— + )\Ro)
r n n

where Ry through R4 are the previously defined transfer coefficients. Given the «a coefficients,
we have

(r+A) (af + 1z + o Z + a32” + uZ” + az22)

2 i 7
o —a-+cZ
:rvz—7z2+a4—§+a30iz+a5p——c(z—Z) +
n n —b

+c(z — Z) (a1 + 2032 + asZ) + MNah + a1 Z + aaZ + a3 Z*
+auZ? +asZ? + Ry + RiZ + Ry Z* + R3Zz + Ryz).

The rest of the proof proceeds exactly as in section C.2, and is thus omitted.

D.4 Optimal Mechanism Reports and Equilibrium IR

In the HJB equation, trader ¢ chooses a demand D and a report 2% to maximize®

sup —D® (440 (D; Z—2")+DV, (', 2)+ NV (' +Y((2', 7)), Z)+TH (3,277, Dby (D; Z—2"))).

D,z

30For the purpose of this proof, we suppose trader i can observe Z;. We show the corresponding optimal
strategy depends only on the information in information set of trader i (which does not include Z;). Because
the resulting strategy is optimal even in the larger set of strategies, it is optimal with respect to strategies that
are adapted to the information filtration of trader .
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In any linear symmetric equilibrium, trader ¢ must have a value function of the specified
form. Thus, maximizing V (z° + y, Z) is equivalent to maximizing

(2 +y) +as(z' +y)° + s Z(2 + ),
which is equivalent to maximizing
(a1 + a5 2)y + asy® + 2032y,

If trader ¢ chooses the auction demand D, thus setting the price ¢ = @, (D; Z — 2') that
would be used in the mechanism if one were held immediately, and given that the total of the
other traders’ reports is ), ,; 2/ = Z — 2, trader i gets a transfer of

p2

Ko (—n5(P) +Z -2+ 21’)2 +p(2 —6d(p) + Argn?’

(84)

and a reallocation of

Thus, the optimization problem faced by trader i is equivalent to maximizing the sum of (i)
the quantity —D® . (D; Z — 2') + DV,(2', Z) and (ii) the product of A with

- =2 n—1 Z—z' n-1,
£(9. 2,7, 2") = (a1 + a5 2)( - 2 + ay( - —z)
n n n n
/A -1 . ) ) ) 2
+ 2052 (5 = r — ) + ro(—nd(6) + Z = £ + £ + 6 = 6(9)) + %Onw
evaluated at ¢ = @440 (D; Z — 2°).
The first order condition for optimality of 2% is
LA AL -1 - 2(n — 1)? , -1 Z-2%
(QS’&A’.Z’Z) -z (061+OK5Z>+7(7/L 5 ) agél—Qn as -
A n n n n
n—1

2032" + 2k0(—nd(P) + 2"+ Z — 2') + ¢ = 0.

The second-order condition is satisfied if a3 < 0 and kg < 0. For the candidate equilibrium
strategy 2' = 2%, we have

0£(0, 2,2, 8) _ =1 oy A0 o)+ 2) 46
0z n n
Plugging in
gt —a

Y

C
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which must hold in a symmetric equilibrium, and writing d(¢) = —a — bo, we have

OE (¢, Z, 2", 2 _ _n;l <a1+a5—b¢—a) N 2(n —1)as bp + a

0% c n c

+ 2k (nd + nbo + n@) + .

The candidate equilibrium strategy 2° is therefore optimal provided that

—1 2(n—1 2
0= _" (o a5a) N (n—1)aza 4 Dkgni — narg
c ne c
—1 asb 2(n — 1)asb ~ b
0=" (a—5)+ﬂ+2/{0n(b——)+1,
n c ne c
or equivalently,
. a 1 n—1 asa.  2(n—1)aza
“= c 2n/~€0( n (o c )+ ne )
~ b 1 n—1 asb 2(n — 1)asb
b:—————s) ( )3+1).
c 2nkg n c ne
These equations imply that
A
V= na+nba+c +Z
1 n—1 Qas5a 2(n — 1)asa
= —2— <— (Oél — > )"‘ ( ) 3 )
Ko n c ne
1 [a+cZ n—1, asb 2(n — 1)asb
1 (@) 2= Dasb 3
2K —b n c nc
Evaluating this expression for v at ¢ = —(a + ¢Z)/b, we have
-1 n—1 a+b 2(n —1aza+b
(¢ — o1 + (073 ¢ + ( ) 3 ¢) .
2/<;0 n c n c

Consider the ex-post equilibrium IR condition that the transfer plus V(Zj Z) —

(85)

V(' Z)

must be weakly positive. This must hold even when all traders have inventory Z going into the
mechanism. In particular, the sum of the transfers must be weakly positive in this case, but it
is always weakly negative by budget balance, so the transfers must sum to 0. In general, the

sum of the transfers is
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So, if the transfers are to sum to 0, it must be that

1/_/{0 —77,5 +Z 271\/——/{0 =0

|/€0|(—n5(¢)+;2j)—% = —ko(—nd(¢ +Zzﬂ =0. (86)
Recall from equation (85) that at the equilibrium strategies and the 6(¢) consistent with IC,

— -1 —1 b 2(n—1 b
_n(S —|—ZZ]——( _n a1—|—n a5a+ ¢+ (n )OK3CL+ ¢)
2Ko n n c n c

Thus for IR to hold, combining this with equation (86), it must be that
1<n—1 n—1 n—1 a+b¢+2(n—1)a3a+b¢)

¢ — ay + Qs
2 n n n c n c
1 —1 —1 -1 - 2(n-1 _
:§<(" Jo— L2 %Z_MZ)
n n n n
0

Put differently, for the equilibrium strategies to be IR, we need the condition

¢ =ay+ (a5 +203) 2. (87)

We conjecture and later verify that (87) holds in equilibrium. Given this, we see that, in

equilibrium,
—¢

Likewise, we see that

~ 7 )
—5(¢)+2Z:a+batg 4o
- 1 —1 —1 2(n—1
7 < ol an a5a+b¢+ (n )a3a+b¢)
2K01 n c n c
=2 -7 ¢
2kon?

Now, if we plug 0(¢) = —i — bo into the definition of £(¢, Z, 7', %), we arrive at
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- _Z— 4 -1 Z— 7 -1,
£(9,2.2,2) = (an + a5 2)(F—— = T ) ay(F—— - )’

n n n
- —1 . A ) ) ) A 2
42002 (T2 = D) o+ 50) + 2 = 2+ P+ 0 + (@ b)) + 1

The partial derivative of £(¢, Z, 2%, 2) with respect to ¢ is then

¢

E(d, Z, 24, 2Y) = 2kgnb(n(a + bo) + Z — 21 + 31) + (31 + (a + 2b9)) + -
0

Plugging in the candidate 27 = 2% and the fact from above that @ + bp = —Z — ¢/ (2kn?),

o . —d - .
& 7,2 2") = 2Kronb b -7 —

¢ ¢ _.i_z

Finally, using the equilibrium reports and the § consistent with IC, equilibrium transfers
are

fm<ma@+§:y>+¢@tww»+ ¢ _ & +¢(%—Z— ¢ )+ ¢

dkon?  4dkon? 2Kkon? 4kon?
(- 2)
_¢ tgz(zi - 2),
which implies that
Ry=0
a
R, = -
Ry = %
c
R; = ?
R, = 5

D.5 Solving the HJB

The optimization solved is
sup —D® o0 (D; Z — 2') + DV,(2', Z) + NE(Pape)(D; Z — 2Y), Z, 2", 2)
D,z

Taking a total derivative with respect to D, 2%, we need
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~P(ape)(D; Z—=2") =D, oy (D; Z—=2) V(2" Z)+ A0,y oy (D Z—2")E4(Plape)(D; Z—2"), Z, 2", 27) = 0

Ei(Pape)(D; Z — 2", Z,2",2") =0,

and both of these must hold with D = a+b¢+cz' (implying ®(qpe)(D; Z — 2) = 2Z) and

2t = 2*. Recall (I)/(a,b,c)(D; Z -2 = b(g—_ll) From the above, the second equation is satisfied at

o= # and the conjectured 2° as long as

-1 2(n—1 2
0= _" (o a5a) N (n —1)aza 4 Dkgni — nako (88)
c ne c
—1 ash,  2(n—1)azb ~ b
o= n—tasby 2= Dasb o -0y 11, (89)
n c ne c
where we've written §(¢) as 6(¢) = —a — bg. For the FOC on D, we need
-+ (a+ b+ cz') + (a +2azi+aZ)—#5(¢Zz" 2 =0
b(n — 1) P Y hn—1) T T
We showed that at equilibrium &, = 2" — Z. Plug in this and Z = _b‘ﬁ_“, to see that
. , —bp —a A . —bp—a
—¢+m(a+bgb+czz)+(a1+2a32’+a5 (b )_b(n—l)(ZZ_ (bc ):O,
or, gathering terms,
1 b A
0=-1 —asg— — ———
+(n—1) ¢ c(n—-1)
A
0= 20 —
bn—1)° T T i)
1 —a A a
0= -
it - 5o,
Rearranging,
0=—(n—2)c—az(n—1)b— A (90)
c= —2a3b(n — 1)+ A, (91)

while from the derivation of the linear quadratic value function,
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-
r+A—2c
1 c?

m(; — 2OZ3C + n>\R3),

g3 =

gy =

where Rj is the coefficient on Zz in the transfer. From the last section, in equilibrium we
have R3 = ¢/(—nb) and thus the relevant system is

O
3 r+A—2c
1 2 pYe
= (& om0,
a5 7“—|—)\—c(b asc b)

Multiplying both sides of the as equation by b(n — 1), we have

_ 1 2
asb(n — 1) = m(c (n—1) —2asb(n — 1)c — Ae(n — 1)),
and plugging in the above,
ne
a5b(n — 1) = m(c — )\),
SO
ne

O0=—n—-2)c(r+AX—c)—nclc—=A) = AXr+A—c)
0=—=2c+c(—(n—2)(r+A) +nA+ ) = A(r+ )
0=—2c+c(—(n—2)r+3)\) = A(r+\)
(=(n = 2)r +3X) £ /(=(n —2)r + 302 = 8A(r + \)
4

It is clear that either both or neither of these roots are real. By the Descartes rule of signs,
if both are real, they are either both positive, or neither are positive. In particular, assuming
that (—(n —2)r +3X)?2 —8A(r + \) > 0 so that both roots exist, if we can show one is negative
then they both are negative. If —(n—2)r+ 3\ < 0, then the smaller root must be negative and
we are done. If —(n — 2)r + 3X > 0, then the larger root is positive so both roots are positive.
Thus we see we need that —(n — 2)r + 3X < 0 and (—(n — 2)r + 3X)?2 — 8A(r + A) > 0, which
can be concisely written as

—(n—2)r +3X < —/8A(r + \).
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Define
F(e,\) = =26 +e(—(n = 2)r +3X) = A(r + A),
and note from the above that F'(¢, A\) = 0 implies an equilibrium, as long as ¢ < 0 such that
b < 0 and the second order condition above holds.
We have that F,. = —4 < 0 and lim._,_ F' = lim._,oo F' = —oco. Thus, as ¢ increases from
negative infinity to infinity, F, crosses from positive to negative exactly once, at

—(n—2)r+ 3\
1 :

Since there are two roots, we see the derivative F, must be positive at the smaller root ¢(\)
and negative at the larger root ¢(\), so ¢(\) < ¢y < &\). Fix a A € (0, ) and consider small,
disjoint neighborhoods around (A,¢(\)) and (A, ¢(A)). Applying implicit function theorem to
each of these functions,

Cop =

80_ F)\
o\ F,
—r — 2\ + 3¢
R

Since ¢ < 0 in either equilibrium, the numerator is always negative. We just showed F, is

positive at the smaller root and thus a(%(;\) > 0 so that ¢ increases monotonically in .

Now, recall we have

(r4+A—2c)as = —,

which, combined with equation (91), implies

c(r+X—2c) =—2a3b(n —1)(r + X —2¢) + A(r + XA — 2¢)
c(r+A—2c) =2vb(n — 1)+ A(r + A — 20¢).

Using the above quadratic equation for ¢, this can be rewritten

c(r+A) —(e(=(n—=2)r+3X) = A(r+ X)) =2vb(n — 1) + A\(r + A — 2¢)
=2

c(r+A) = (c(—=(n—=2)r+3X) =2vb(n — 1) — 2Xc
cr(n—1) =2vb(n — 1)
c= 211)

which implies that

b:;—fy(—(n—2)+?:l:\/(—(n—2)+g)2—w).

T r

Note
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e i R A . it (92)
A ) AL (93)

so we have shown that

b:_r<m—%—§ii¢@—OhQW—£&).

8y T T r

Further, since ¢ < 0 and ¢ = 27719, we have b < 0, and since ¢ increases monotonically in A
so does b. Using the relation that ¢ = 2776 and equation (91), we have that

c— A v A

T %=1 rn=1)  2n=1)

as

while, using (90),

0=—(n—2)c—as(n—1)b— A

—(n—=2)c—A
ay =
b(n—1)
n—=22y A
n—1r bn-—1)
—2
= —’Y —2043.
,
Recall that
a —#(rvjtgjt)\}%)
T a—c b o
where, based on the transfers, By = 3%, so
ap = ;(rv + 2 @)
Tt —c b b

and from the first order condition for auction demand,

0 L bt a A
= a+ (o +as—) — ——<—.
b(n— 1) T b1 e
Plugging in a5 = _727 - 2(_2167(_73_1))7
2
0:a1+lg:>a1:_g7
roc b

and plugging this into the above,
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1

from which it is clear that a; = v and @ = —bv. Returning to the coefficients @, b defining
d(¢), since 2 = —vy; and b= 3+ we have
. a 1 n—1 asa,  2(n—1)aza
“= c 27m0( n (o c )+ nc )
—ur 1 n—1 29v 1
o~ (= o))
_—or
=5
~ b 1 n—1 asb 2(n—1)asb
po b L oLy 2n-Dash
c 2nkg N c nc
o 1
27 2n2ky

Returning to the system of value function coefficients, it remains to calculate

1 2

ay = ;(i—b + (A = ¢)as + Aaz + An*Ry)
1

ag = —(ﬁ + (A —c)a; + AnRy)

r —b
) 1 0.2 i
af = ;(ago’f + oz4n—§ + a5% + ARyp).

Plugging in the equilibrium formulas for Ry, Ry, Ry,

1, ¢ cA
044—;(_—[)4‘()\—0)0(5—'—)\0&3"—?)
1, ca a\
— (& aa
g r(—b+( c)v + b)
' o2 i
0 = —(050? + 0u”% 4 a5,

and using the definitions of a, b, ¢,

1, 2 -2 cA
ay = ;(—%c+ (A — c)(T7 —2a3) + Aaz + ?)
1
gy = ;(cv + (A —)v + —v),
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implying as = 0 and

1 2 27
o ;(20@3 + )\(T7 — 203) + Aag + L)
1
—(20 — )\)O&g = 1 + os3.
r r
Finally, this implies that
0= 2% 4 0y(%Z 1 0?) +ar)
r rn2 n? ‘ n
L yo} o 2 P’ 27y p'
— 2 (LZZ ZZ g2 oy _ZTF
r(rn2 o (n to n) r n)
10} g SR S SN N ¥k
=-(=Z+ (- + “Z o2 —oby 210
r(r n? ( r(n—1) Qb(n—l))(n2 % n) T n)

Note that ZL—% +02 — 2% is the variance of (% — H}) conditional on Z, and thus positive, so
o} declines in A because b < 0 and b increases with \. )

Finally, we must verify that in equilibrium, ¢ = a1+ (a5+2a3)Z. We see from the definitions
of a,b, c that

¢:at§Z:U_2_fyZ

while from the definition of a;, ag we have 2a3 + a5 = _727, so this holds with probability 1.

D.6 Finishing the Verification

In this section, we show that at the V(z,Z) and strategies which solve the HJB, using any
alternate admissable strategy leads to an inferior payoff for each trader. We fix some admissible
demand process D?, and report process Z, by which the inventory of trader ¢ at time ¢ is

~ . t . ; ¢ ) 3
/g@:%ﬁém@+m+lywaaww; (94)

Following the steps of the derivation of the value function, we can show that under the laws
of motion implied by D?, Z,

7

E[U(X7) — U(Xo)] D (o1 + 5 Z, + 20322%) + a4—2 +ago? + a5%

+ )\Y’((zs, 2Ny + asZ,_ + 2agzs_ +asY((Z, 279)) +r(veP? = V(P72 Z,))ds)].
Since ay — a5 satisfy the HJB, we have
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E[U(X7) - <E[ / Di® ey (Dis Z, — 2P7) 4 7(=L%)2ds

/ (2,277 @papey (DL s Zo— — 227))dN],

and rearranging, this is

V(s Zo) > Efna2 / i (D Z — 2PF) — (2P

n / T3 50): By (D Zo — 2P))dN,)

Since this holds with equality for the conjectured linear strategy, the linear strategy is
optimal.

E Proof of Proposition 6

The proof is extremely similar to proposition 4, so we leave some details to the reader. We
write V(z, Z) rather than V},(z, Z) for brevity. For any affine k1, ko functions, the transfers in
equilibrium take the form

Ro + Rth + R2Zt2 + RthZti + R4Zti,
for constants Ry — R4. In any symmetric equilibrium, the value function
V(z,Z)=E {ﬂzfrjt/ (—y(21)2 ds) +/ T:(2s, Zs) dNS}
0 0

takes the form ' B B B
V(z,2) = af + a2z + anZ + azz® + auZ* + as2 72,

where
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-7

@ = r+ A
a5 = , + A()\?’LR;},)
1
Qg = ;()\045 + )\Oég + >\H2R2)
o) = T+)\(TU+)\R4)

Qg = 1()\Oél + )\an)
r

7

i 2 0% P
ap = —(30; + ay—5 + as— + ARy),
r n n
and where R, through R, are the previously defined transfer coefficients. To see this, note that

given the « coefficients, we have

(r+A) (af + az + o Z + a32” + uZ” + az22)
o2 0
=rvz — 722 + a4—§ + agaf + as—
n n
+ )\(O&é + 0612 + OéQZ + OégZz
+auZ? 4 asZ? + Ry + RiZ + Ry Z* + RsZz + Ryz).

Let Y; = 1y7<y and V(z, Z) be defined as above. Let

Z
X - Zt
Y,

and U(X) = U(z,2,Y) = (1 =Y)V(2,Z) + Yvz. Then, following the steps of the proof of
proposition 4, if we let

2 i ~

o . _ _ . . .
Xs = a4n—§ + azo? + a5% — Mz, — Zs)(on + a5 Zs— + as(ze_ + Zs-)) +r(ve — V(2 Zs)),

we can show that

T

B (CXr) - UKol =E | [

Xs ds] .
+

Because of, through aj satisfy the system of equations specified at the beginning of this proof,

we have
T

BV (Ctr) - U] = 2| [

Xs ds] ,
_l’_
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where ' , .
Xs = 7(22)2 — )\(RO + R Z, + R2Z82 + RgZSZ; + R4Z;)

s

Using the definitions of U, T, and Ry through Ry, as well as the fact that E[vz}] = E[rz4],
we can rearrange to find that

M T
V(zh, Zy) =E mé,+/ xsds]
L 0+

- T
=E |m2+ / —y(28)* + AT (3, Zs) ds}
i 0+

r T T
=FE ml',+/ —v(zé)zds%—/ T;(zs,zs)st],
L 0 0

which completes the proof that the value function V' (z, Z) takes the form above. The arguments
of section C.3 go through exactly the same (with these different « coefficients), so it must be
that

K,l(Z) = + (Oé5 + 20(3)2,

and the equilibrium reports are optimal as long as

a1 + (Oé5 + 20(3)2
2kon? '

ko(Z)=a+bZ =—7 —

Once again the equilibrium transfers are (a; + (a5 +2a3)Z) (2* — Z), so the coefficients R,
in

Ro + Rth —+ RQZE -+ RthZZ -+ R4Z§,

are given by

Ry=0
Ry = -2
n
Qs + 2
Ry = — 5 2a3
n
2
R3:a5+ Qs
n
R4—Oé1

From above we have that
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-

- + A
1
5 = H_—)\()\TLRg)
1
Qy = ;()\045 + )\Oég + )\n2R2)
a1 = T )\(’I“'U + )\R4)

Qo = 1()\Oél + )\an)
T

so, plugging in Ry, Ry, R3, R4, and rearranging,

3 = —
T+ A
1 2\, —v
@5 = ;(2)@3) B 7(r+ )\)
1 A
s = (Ao + Aoz — Mo + 205) = 2 (=)
ap = 1(7“21) =0
r
1
Qg = ;()\O&l — )\Oél) =0.

Thus, letting oy — a5 be these values and

o1 o2 P’
2 Z
ay = —(ago; + Qg— + as—),
r n n

and defining the value function
V(z,7) = af +a12' + anZ + as(2")? + auZ? + as2' 7,

This solves the associated HJB equation

2 2 %

0=~y () 4 r(v2' = V(2, 2)) + ZVeal#, 2) + 2Via(2, 2) + 25V (2, 2)
+sup A (V(2' +Y'((#,27)), 2) = V(2. 2) + Ti((#,27), 2))

Plugging in a1, ag, a5, we have



_ v—27Z
KQ(Z) = -7 — TO;I?

The last part of the verification, demonstrating that alternate strategies do weakly worse,
is exactly the same as in proposition 4 and thus omitted. Rearranging the af, — a5 above gives

the expression in proposition 6, completing the proof.

F The Impaired Mechanism

In this section, we consider an alternate mechanism designed to reduce a fraction & of the excess
inventory at each implementation. Its allocations and transfers are given by

Y%@:s<zﬁﬁ—%> (95)

n

(26 — &)r1(Z)

4An2Kyg

T'(2,Z) = ro(nrs(Z +§Zzﬂ +81(Z)(E2" + Ka(2)) +

+ Nk

ﬁ@z+mx>f ((n— Do) + €3 59 + SlZ)yz)

19 yor 2/<;0n

for a constant ko < 0 and affine functions k1(Z), k2(Z). It is worth noting that the sum of
these transfers may not be weakly negative for any reports Z, but we show in all the equilibria
we consider the transfers sum to zero with probability 1.

F.1 Proof Sketch for Alternate Proposition 4

We provide a sketch of a proof for an alternative version of proposition 4: for any £ € (0, 1],
there will exist a unique symmetric equilibrium such that, each time the mechanism is run, all
traders reduce a fraction & of their inventory imbalance 2z’ — Z. The auction price and value
functions are identical, and the auction demands are identical replacing A with A(2¢ — £2). The
mechanism demands are still 2* = 2°.

Proof sketch: In any such equilibrium, each trader reports 2° = 2, such that

Yi(2) =¢(Z - 2)

and the transfers are
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(26 — &%)r1(2)

T2, 2) = ko(nko(Z) + €2)* + k1(2) (2" + ko (Z)) +

4n?kK
- g (e + R 2)? — (n - Val2) + €(Z — #) + gz%i?ﬁ
= ko(nra(Z) +E€2)° + 51(Z2) (82" + k2(2)) + = _452:;1(2)
+ nko 25 <§Z+7m2(Z) + %ﬁi)) (gzi + k2(Z) — (n— Dko(2) + €(Z — 2°) + fg;ii))) .

For any affine k1, ko, it follows that the transfer will be given by

Ro + Rth + RQZE -+ RthZZ -+ R4Z§,

for constants Ry— Ry. Receiving such transfers at Poisson arrival times must lead to a linear-
quadratic value function, as in the proofs the previous propositions. That is, the equilibrium
continuation value function V for agent ¢ must be

V(z,7) = af +a12' + anZ + a3(2")? + auZ? + as2' 7. (96)

Fix reports 27 = 27 for the other traders. When trader 7 chooses Z, they maximize

(o1 +asZ)Y'((2,27)) + asY'((2,27)" + 205Y7((2,277))2' + T'((2,27), Z),

where, writing #y(Z) = a+bZ and 27 = 27,

(26 = &)Ki(2)
471,21'{0
{ri(2)

S€5 +a+b2)2 — ((n—1)(a+b2) +5§2ﬂ‘ + iy

T'((2,279), Z2) = ko(€Z +na +nbZ + £(Z — 2°))* + m(Z)(EZ + a + bZ) +

3

+ Nk

Taking a first order condition,

n—1

A=y (2, 279) + m(2)

. . 1—
+ 2k0€(EZ +na+nbZ + £(Z — 2°)) 4 2nkoé

5(0&1 + Oé5Z + 2a3,z") —

S5 +a+bz)—0.

Plugging in Z = 2%, Y((2,27)) = £(Z — 2'), and dividing through by &, we have
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n—1 2(7’L — 1)0&3 =

§(Z =) + ki(Z)

(a1 + a5 Z 4 2032") — -
e vathz)=o.

+ 2k0(né + nbZ + £Z) + 2nky

It is clear that the 2’ terms will cancel if and only if ko = (n — 1)as/n®. Given this, the
unique a, b solving this is given by

20 D% (7 4y (2)

-1 _
0:— (a1+a5Z)—

n
2(n —1)as
n2

+ (na +nbZ + £2)) +

n§
2(n — 1)

S (—m(Z) + (o + a5Z)nT_1) :

2nkg

a+bZ =

(—nl(Z) + (a1 + a5 2) 2 - 1)

Manipulating the formula for transfers, we can write the equilibrium transfer for trader 1,
given 2' = 2* for all i, as

(26 — &%)r1(2)

2
4n’kyg

= ko(nkg(Z) + E2)? 4+ k1 (Z) (€2 + Ko(2)) +

§ri(2)
2Kon

3

Suppose we define k1 such that

bt (624 2+ SO (et 4 a(2) = (0= V) + €02 - )+

Then this simplifies to
(26 — &)K1(2)

,{O(nm(Z)+§Z)2+/§1(Z)(§zi—l—/{2(Z))—l— 4n2k,

and summing across traders, this is

§r1(2)

2Kon

§r1(2)

2KoN

(26 — &)k1(Z)

= 0.
dnkg

)* = k(Z)( )+

Some calculation shows that the above k; is the unique one such that the transfers sum to
zero with probability 1, which must be the case for IR and budget balance to hold. Plugging
in the formula for ko, we see we need

nko(
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0=2konZ + (—nk1(Z) + (v + a5 2)(n — 1)) + K1 (2)
2KoN
n—1

= o1 + (Oé5 + 20(3)2.

/il(Z):(Oé1+Oé5Z>+ A

This is the unique x1(Z) consistent with budget balance and ex-post IR. The HJB equation
is

2 2 i
rV (2, Z) = —y(2)? + rvz + %X/zz(zi, Z)+ O—gVZZ(zi, Z)+ 2p—sz(zi, Z)
n n

+sup =P p.0) (D; Z — 2')D + V,(2', Z)D + A (V(z" +YU2,279,2) - V(< 2) + TY((3,27Y, Z)).
D,z

We just showed that given V' is quadratic, so at the unique candidate equilibrium realloca-
tions,

V(z+Y"22,2) - V(2,2) = (q + a5 2)E(Z — 2) + az*(Z — 2)* + 2032(Z — 2).

By the above, the equilibrium transfer is

(), | (6= E)R()

gm(Z))2 +r1(2)(E(2' = 2) 2kon An’tio

2K01
= K,l(Z)g(ZZ - Z)

Ho(

Plugging in x1(Z) = oy + (a5 + 2a3) Z and summing the transfer and the change in contin-
uation value, this is

(o + s 2)E(Z — 2) + as€3(Z — 2)* + 2036 2(Z — 2) — (a1 + asZ + 203 2)€E(Z — 2)
= 38 (Z — 2)* — 2038 (2° + Z2° — 227)
= —a3(26 — &) (Z - 2)°.
Plugging this in, the HJB becomes

2 . 2 . i )
rV (', Z) = —y(2")? + rvz' + %sz(zl, Z)+ Z—ZVZZ(zZ, Z)+ 2%‘/,22(%, Z)

Fsup —Bape)(D; Z — 21D + Va(2', Z)D — A(26 — 2)as (2 — Z)°.
D
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This is exactly the HJB from the proof of proposition 4, replacing A with \* = \(2¢ — £2).

G Discrete Time Results

In this appendix, we analyze discrete time versions of the models of sections 3, 4, and 5. The
focus is the existence of a subgame perfect equilibrium in each complete information game,
which corresponds to a Perfect Bayes equilibrium of each incomplete information game. We
also show convergence results for the models of sections 3 and 4. All the results are presented
informally, with focus on the calculation of the equilibrium, but these arguments can all be
made fully rigorous.

The primitive setting, other than mechanisms, is identical to Duffie and Zhu (2017). Specif-
ically, n > 2 traders trade in each period k£ € {0,1,2, ...}, where trading periods are separated
by clock time A so that the k-th auction occurs at time kA.

In each period k, each trader i submits an auction order z(pg) for how many units of asset
they wish to purchase if the auction price is pr. We focus on affine equilibria in which each
trader chooses

Tik(pr) = a + bpi + cz,

where z;; is trader ¢’s inventory entering period k, for constants a,c and b # 0. If n — 1
traders use such a strategy with the same constants a, b, ¢, then there is a unique market clearing
price ®(qp.) (D, Z — z) for any demand D submitted by trader ¢, which is given by

(n — 1)& + C(Zk — Zik) + D
—b(n —1)

Each trader also submits a contingent mechanism report Z;(py). With probability ¢, a
mechanism occurs: each trader receives a net reallocation

n A
. .1 R4
Yiz) = —Z’;j L,

(I)(a,b,c)(D> 7 — Z) =

and a transfer which will be described shortly and might depend upon p,. With probability
1—g¢, a double auction occurs, and each trader receives x;x(px) units of asset at a cost prxx(p)-
If trader 7 ends period k with inventory z7;, then in between periods k and k + 1, they receive
flow expected utility
Y —rA —rA
—— (1= e ()" + ol — e ) (=)

which can be motivated as in Duffie and Zhu. Let 1, equal 1 if and only if a mechanism
occurs in period k, and let 19,, = 1 — 1. Then, in any equilibrium in which mechanisms
implement efficient allocations, the equilibrium inventory evolves as

Zik+1 = Wik+1 + 1y 2y + 19, ((1 +0)zip — CZk)

where w; ;41 is an i.i.d zero mean finite variance random variable.
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G.1 Observable Z

Suppose the aggregate Zj. is observable and the transfers are given by

K1 (Zk)z
dron?

T2, Z) = ko(nka(Zy) + Z 2)? + 51 (Zk) Gan + Ra(Z)) +

Just as in the continuous time proof, at the equilibrium reports for affine k1, ko, this must
take the form

RO + Rle + RgZi + RngZ,k + R4Z,’k.

We solve for a subgame perfect equilibrium in which all traders submit

Tik(pr) = a + bpi + czi,

Zie(Pr) = Zin-
In such an equilibrium, the continuation value V'(z, Z) must be linear quadratic. Specifically,
the continuation value is

[e.e]

Viz, Z) = E[Z e‘mk[q (Ro + R\ 7y + Ry Z} + R3Zyzip + Ruzip — %(1 — Y2+ u(l - e_T’A)(Zk)>

+(1—q) <—Iik(pk)pk - %(1 — e ) @ik (pr) + 2i)? + (1 — e ) (2 (pr) + sz))]]

Given z;0 = 2, Zy = Z and

Z?:l éjk A

Zik41 = Wigt1 + Lpgw (sz + — sz) + 15, (zik + zin(pr)) -
Fix the conjectured equilibrium a, b, ¢ with truthtelling (Z;; = zi), so that

Rik+1 = Wi k+1 + ]-M’“Zk + 1?\/11@ ((1 + C)Zi,k - CZk) . (97)

The expression for V(z, Z) can be decomposed into a linear combination of discounted sums
of moments of z;, Z,. We calculate these now. Straightforward calculation shows
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= Zy
Z (& TAkZ = S(]Zo

T 1A
0 Z2 0.2 e—T’A
E) 7)) = —x+ 55 =57 + 5,

where 0% = Var(), w;x+1). Subtracting Z; ;11 from both sides of equation (97), rearrang-
ing, and taking an expectation gives

E[Zi’k+1 — Zk—l—l] = (1 — q)(l + C)E[Z@k — Zk]

Some calculation then shows

E : —rAk 20 — Zo Z_o _ _
ezl —e (1 40)(1—q) R Sa(zi0 — Zo) + SoZo,

[e.9]

k=0

as long as [e7"*(1 + ¢)(1 — ¢)| < 1. Subtracting Z; 4+, from both sides of equation (97),
then multiplying both sides by Z; ;11, and taking an expectation gives

7 2

_ o _ _
Elzik+12k41 — ZEH] = (p_ — —Z) +(1—q)(1+)ElzixZy — Z2,

n  n2

where p' = E[w; ;11(>_, wix+1)]. Then we see that

(e}

- S
E[Z e szZk Z € —rAk szZk - Zk)] + S(]ZO
k=0 k=0
= 2070 — Zg +eA Ze—rA(k—l)E[zika _ Z}f] + 50202 +
k=1
_ _ _ o _ J 0'2 _ _
— 2070 — 72 1 ¢ TOE] kz_o oAk ( ng) + (1= q)(1 + ¢)Elzi 12k — Z,?])
=y S
+ 823+ 22
_ _ e—T’A p_l o UZZ S
= 2020 — Zg + ] E"e — :) +(1—e 1 —q)(1+)(SoZ2 + n;)
+ (1= @)1+ 0)e ™R e a2y,
k=0

and rearranging delivers
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o g, -
S1 zindo — 45+ e
k=

rAk 72
wZn] = SoZ2 + 2L
z%“” e S ey g s v

Finally, squaring both sides of equation (97) and taking an expectation shows that

E[(zip41 — Zis1)’] = (2—22 - 2% +02) + (1= @)1+ B[ (20 — Z1) 7,

where 07 = E[w},,]. Then
(=28 +o2)era
= —Z 2L 452)e"
(ZiO_ZO) +

- —rA 7 27 _ ’ — 7 2
;6 E[(zip — Z1)7] = = a1 = g)(1 + o) = Sy (2i0 — Zo)” + S5,

as long as [S; ! = |1 — e (1 — q)(1 + ¢)?| < 1. It follows that

Z € TAE 54 (Zi,O - 20)2 + 55 + 2 (SQZiOZ(] + (So - Sg)Zg + 53) - (S()Zg + —

k=0

In summary, letting

1
S0 = 1—e A
0.26—7’A
Sl = 1 2 —rA
—e
1
S, =
2T l-emA1-g)(1+0)
(5 — )
Sy =5, oA
1
S, =
- 6""A(1 —q)(1+¢)?
2p + —rA
Ss = S, (5 28+ o)e

1—eTA

and assuming |S; |, [S; | are strictly less than 1,
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[e.e]

Z e TAksz So(zio — Zo) + S0 2y,
k=0

Z e " 2 Zk) = SazinZo + (So — S2)Z4 + S

=0
00

Z e_rAka S()ZO

Z e—rAka 5022 S

- - - —y S
Z e 20 ) = Sy (zi0 — ZO>2 + S5 4 2 (S2zi0 20 + (S0 — 92) 25 + S3) — (SoZg + n_;) :

Suppose that

V(z,2) = ay + a1z + anZ + a3z’ + au Z* + as2 2.

Then the utility for having inventory z, Z immediately after an auction or mechanism is

VH(z,72) = —%(1 — e )+ vl — ez + Ele AV (2 + wigg, Z + Z Wi +1)]

- —%(1 — e () (1l — ez

+ e A <af) + 0430'2-2 + mi—% + %%i + a1z + QQZ + a3z2 + a422 + a5zZ)
= u(Z)+ (" Bay = L(1—eTA)(z = 2) + (v(1 - ¢ + e Ban)z

+ <e‘ma5 +2(e "Pag — %(1 - e_T’A))> 27,

We have thus shown the continuation value maximized in the mechanism takes the form of
section 2, with

Bo= (v(1—e) +e )
By = <e_’"Aa5 +2(e "ag — %(1 — e_’"A))> .
Transfers in the mechanism thus must be run with x1(Z;) = Sy + $1Zk to be IR. From

proposition 1, in the equilibrium of the mechanism game we seek (with observable Z), each
trader submits Z;. = z;; as long as

—(Bo + B1Zk)

wa(Z) = =2 + 2K0n?
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so that the sum is

alza) + 3 2 = LA

Returning to the continuation value, in equilibrium at each mechanism event all traders

receive a transfer equal to ry(Z;) (2 — Z) = (60 + 5y Zk) (2 — Z). The equilibrium price must
equal pp = (a+cZ)/ — b and the equilibrium demand x;, = c(zy, — Z;). Thus, plugging in, the

candidate equilibrium continuation value is

Z e AR < Bo + B1Z1) (zik — Zi) — %(1 — e ") (Zk)? + (1 - e_’"A)(Zk))
1—q ( z,k— a—i—_CbZk_%(l_ _TA)((l—i—C)sz—CZk) )

l—q( (1—e ) 1+c)zik—cZk))]].

Collecting terms,

[e.9]

)= (a0 + (1 = )5 + (1= ™)1+ )] E[Y e ]
k=0
2 7y 0
( +(1—9q) b+2 (1—e™)(1+0c)c ) goem’fzmzk

<=2

(1—e)(1—q)(1+ B _ e 2]
k=0

+€e(Z).

Plugging in definitions above, it follows that

a1 = 8 (ahy + (1= @) +o(1 =) (1 +0)])

0z = —1(1 =) (1= g)(1 + ¢S,

=5, (qﬁl A=y +2 0 -1+ 1) — (1= = 1+ (2(S2 — 5)).

Recalling the expressions for gy, Se, the a; equation implies
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Bo=v(l—e ) +e Py
6—7"A

l—e72(1—-g)(1+¢)

=1+ (80 (1= @[5 +o(1 =1 +0)]).

so, conjecturing and later verifying that 1 — e "2(1 — ¢)(1 +¢) — ge ™ # 0,

b

%:( L= e = g1+ )(v(l—e_’"A)ﬂL -9 [@Ha—e-m)(uc)}).

=B q+c) g [—e3(1-q(l+0)

A similar calculation shows that

2

b= s+ o0 (- ) + 220 - )1+ o)

—rA

— 1= (L = @)L+ (A8, — S) +2Ae oy = L(1—eT)),

and thus

5 — ( l—e™(1—-q)(1+c) ) X [S, <(1 B q)[c_2 N 2%(1 _ e +C)C])

l—e™(1—-q)(1+¢c)—qge A b
ey —rA 2 —rA 2 —rA
- (I—e) (1 =q)(1+¢)°(2(52 — S4)) +2(e a3—;(1—e )]

Putting this all together, the continuation value for trader 7 in a symmetric equilibrium,
immediately after an auction or mechanism is run, is

V(2 Z) = u(Z)+<—%(1 ™Y (1= @)1+ )28 — L1 - e_TA)) (2= 2)2+(Bo+B2) (2~ 2).

r

Plugging in the definition of Sy, this simplifies slightly to

+ —1-e?)
V2, Z) =u(Z)+ [ — e A1 —g)(1+c

Trader 7 can choose any quantity x to purchase a price

)2(2 = 2P+ (Bo+ 51 2)(2 — Z).

1

R

(n—1a+c(Z—-2)+x).

With observable Z, their order x is irrelevant to their payoff and continuation in the
event of a mechanism. They thus maximize
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—— -1 7 — + Z
x—b(n—l) ((n—1)a+ ¢( 2)+x)+Vi(z+2,2)
Differentiate with respect to x:
_ B —eR) _
x e
) 7)) — r —Z
(x)+b(n—1) +(50+B1 ) 1—€_TA(1—Q)(1—|—C)2(Z+x )7

and this must equal 0 with ® = ¢, Z = %_bd’, and © = a + bp + cz. The second order
condition is met if and only if b < 0. This also implies z = ¢(z — Z), so

(z+x—2):(1+c)z+(1+c)a+cb¢.

Plugging this in and gathering coefficients on ¢, 2, 1,

_ 1 bB D(1—e) b
O__1+n—1 e 1—6_’“A(1—q)(1+c)2(1+c)2
c 277(1 — e )
= - 1T—ena—gu+rop Y
a a 27“*(1 — e ) a
0=t T T ma—ga et T T

We seek a, b, ¢, 81, By such that these three equations and the two equations defining Sy, 51
all hold. Let w be the larger root of

e+ (n—1)(1—-e™w—-1=0,

SO

L —(n—=1)1 =) +/(n—12(1 —e2)2 + 472
B 2e7TA '

Then in Duffie and Zhu, when ¢ = 0, we can set a = %(1 —w), b = —%(1 — w), and

¢ =—(1 —w), and see that

(14e)(1—emd) e
l—e™(1+¢)? 1—ew? n-1

It follows the above system holds with Gy = v, 5 = _72” Now, let @ be the larger root of
el = @)+ (n—1D(1—e ™ —1=0,

SO

. —(n—1)(1—-e")+/(n—1)2(1—e"2)2+4(1 — q)e "2
2(1—q)era ’
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This implies that, letting a, b, ¢ be as before but replacing w with @,

_ef'rA _ w2
(1 + C)(]. . e—rA) B l—e "2 (1-q)o? 1

n—1 _

I—e™(1—q)(1+c¢)? 1 —e (1 — q)w? Con—1

It is straightforward to show that a,b, ¢ defined with @, and By = v, 5 = _727 once again
solve the above system. We now must verify that they satisfy the definitions of 3y, 3;. Note
that under the conjectured values,

4B+ (1 —g)[—

; +o(l—e ™)1+ =v(g+(1—q)—(14+c)+1+(1—e")(1+c)])

v (1 —e ™14 e)(1— q)) ,

from which it can be seen that 5y = v is consistent with the earlier system. We noted above
that

—1(1 - e )
—eA(1—g)(1+ )

(- -qt+aseT = Ta—e?)) = -

r T

Plugging this into the definition of 3, we have

5 — ( 1—e™(1—-q)(1+c) ) X [S, <(1 B q)[c_2 N 2%(1 _ e +C)C])

l—e ™1 —-q)(1+c¢)—qe b
T A1 — g1+ (2 — 1)) 42—
r R B ([ oy

Rearranging, we see that

6_7«A et . e—rA
- T (167 (1—q)(14¢)?(254)+2 — 6_;;(11 — (1)+ 5 = 2(1—e—m)%[e—m(1—q)(1+c)254—54],

where e "2(1 — ¢)(1 + ¢)2S, — Sy = —1. Pulling together S, terms and noting (1 + ¢)c —
(14 ¢)? = —(14¢), we have

( —e (1 —q)(1+c) ) < [, <(1 _ q)[c_; - 2%(1 _ (14 c)])

1—em8( 1—q)(1+c)—qe ra
21— il

Multiplying and dividing the last term by Ss, we arrive at
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5 ( 1—e (1 —q)(1+c) ) X [TAS, ((1 —q)c—; PRIt e_m)em)]’

l—em™(1-q)(14c)—qe 2 r

and applying the definition of S5,

b=

A (1= )5 —22(1 - 7))
- .

=S - q) L+ ) g

Finally, plug in the conjectured a, b, ¢, so that % = (2v/r)c, and rearrange to find
’}/6_TA (_(1 _ C_I)C‘l‘ (1 _ e—rA)erA) v
B =—271 S
r 1l—em™(1—q)(1+c¢)—qe > r

Thus the conjectured equilibrium is an equilibrium (filling in the implied o, e, ag). Finally,
note that

I—o (=11 —-e™)+21—qe ™ —/(n—1)2(1—e )2+ 4(1 - q)e‘TA‘

A 2(1 — g)e m2A

Suppose that ¢ = AA, so this becomes

1—0 (n=1)1—e")+2(1=XA)e™ —/(n—1)2(1 —e2)2 + 4(1 — AA)e—"2
A 2(1 — AA)e—mAA '

Multiply the denominator and numerator by ¢ and take derivatives of the numerator and
denominator:

(n—1)(e? —=1)+2(1 = AA) — /(n — 1)2(1 — )2 + 4(1 — NA)e®
2(1 — AA)A ‘

2(1 = 2AA)] 7' ((n — 1)(re™®) — 2))
((n —1)2(1 — ™) +4(1 — )\A)em)_'5 (—27’em(n — 121 =€) +4r(1 — AA)e™ — 4)\€TA) .

2(1 — 2)\A)
Let A — 0:
()7 (4r —4))  (n—2)r — X

(n—=1)r—2X\)—.5 5 = 5

N~

We thus see that
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lim —(1-w) _ —(n—=2)r+ A
A—0 A 2

which is the instantaneous demand in the continuous time model. It is immediate that

a,b converge to their corresponding limits, and since the strategies converge so too must the
continuation values, for properly defined shocks.

G.2 Unobserved Z

Let the transfer 7 be defined exactly as in the continuous time model. As in the continuous
time proof, in an equilibrium with truthtelling and affine ¢, the transfers take the form

R(] + R1Zk -+ RQZ]? -+ RngZik —+ R4Zik.

The value function is thus linear-quadratic, so just as in the previous section, the equilibrium
value function immediately after an auction or mechanism V7' (z, Z) is linear quadratic in z, Z
and thus can be rewritten

V2, 2) = vy +v12 + 032 + 032 + 04 2% 4+ 522,

for constants vy — vs. Then, following the steps of section D.4, maximizing

VFE+YI((2,27), 2) + T°((2,27); 0)

is equivalent to maximizing

o _ 7= -1 7 — 2 -1
E(, 7,2, 51) = () + vsZ)( nz STy (BT ST iy

n n n
_ _ 2
4202 (2 . Loy 4 ho(=nd(0) + Z — 2 + 202 + 6(51 — 6(6)) + —2—

n 4kon?’

Following the exact same steps as in the proof of proposition 5, we can show that £, = z — Z
when evaluated at the equilibrium ¢ and 2' = 2z¢, for the §(¢) = —a — b¢ consistent with
equilibrium. Also, the equilibrium transfers must equal

(’Ul + (’U5 + 2’03)2)(22 — Z),

so it is straightforward to show the formulas for gy, 81 from the previous section apply again
(for possibly different (a, b, c)).

Returning to the discrete time first order condition, the argument to be maximized when
trader ¢ submits an order x and report 2% is now

(1—1q) (—xﬁ (n=Na+c(Z—-2)+z)+ VT (z+u, Z)) +4¢€(¢, 2,2, 2")

Taking a derivative with respect to z, setting equal to 0, and using the result that £, = 2—7
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at the equilibrium ¢, 2 |

(1mg) (64 2t ot B2 - —— =) a7 L (7)o
1 bn—1) TP T T SR (o bn— 1) )T

Plug in ¢ = a +bp + cz, Z = %_b‘z’, and = a 4+ b¢ + cz. The second order condition is

met if and only if b < 0. This also implies z = ¢(z — Z), so

(z+x—2):(1+c)z+(1+c)“+cb¢.

The above can thus be rewritten

. <_¢ N % (B4 520 b¢) - 6_27:51—_6;;?1>+ e (1+c)z+ (1+0)2 +Cb¢)>
- b(nq_ pet atw) =0
Gathering terms on ¢, z, 1:
0=(1-q) -1+~ . = @ -1 ﬁitl—_e;;(?ju eI d%) B C(nq— 1)
0=(1-gq) b(nc_ D 1= 6?A(11__€;;(A1)+ c)? 1+ C)> - ﬁ
0=(1=) | 75+ (o= =B) — 1= jil(l__e;?l)+ PELG C)%> B ﬁ'

b(n —1)
We seek a, b, ¢, 51, By such that these three equations and the two equations defining 5y, 51

all hold. Conjecture that for some w € (0,1), there is an equilibrium with a = 22(1 — @),
b= —%(1 —w), and ¢ = —(1 — @). Starting with the coefficients on z, this means we need

%y D1—e?) 27q
0= (1 - Q) (r(n — 1) 1 e—rA(l _ q)&ﬂw) + T(n _ 1)(1 - (IJ)

Multiply through by %,

1 (1—e")o q
=(1- — .
0= (-0 (g - Temnam) oo s )
Suppose there exists a @ € (0, 1) such that this holds. Straightforward calculation shows

that plugging in Gy = v, 1 = _72”, the coefficients on ¢, 1 above all equal 0.
Following the steps in the last section, in any equilibrium, we have
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A (1= q)5 =221 = e72)er2)
l—e™1—-q)(1+¢)—qge >

b=

Plugging in the conjectured a, b, c,

e (=2 (1—q)(1— @) —22(L —em)em)
1—e (1 —q)w—ge ™ ’

b=

For g, = —277 to be consistent, it must be that

l—e™1—qo—qge ™ =" (1-¢)(1—-@)+ (1 - e—m>€m) ,

but this holds for any w. Likewise, conjecturing that 5, = v, at the conjectured a, b, c,

o+ (L= [ 01— A1+ )] = qut (L= ol - 5) + (1~ 7))
=v(1—(1—qwe ™)

and thus Sy = v is consistent with

e (qfo+ (1= )[F +v(l —e)(1+0)])
1—e2(1-¢q)(1+c)
We have thus shown that, as long as @ satisfies (98), the conjectured a, b, ¢ satisfy the first
order condition and comprise a subgame perfect equilibrium. In unreported numerical exercises,

we find for very small A there exists a root @ such that —(1 — @©)/A is equal to the order flow
coefficient ¢ from proposition 5, up to machine precision error.

Bo=wv(l—e")+
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